For b-annotated types, Segal implies simplicial
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We prove the claim of the title in the context of triangulated type theory.

Weaver and Licata [WL20] conjectured that (in a related but slightly distinct setting) every cubical
space satisfying a formulation of the Segal condition must arise uniquely from a simplicial space (i.e.
is simplicial). Later Gratzer, Weinberger, and Buchholtz [GWB24] incorrectly suggested {(i, j) : I* |
i < jV j<i} asa counter-example to this claim. The first author of this note pointed out that
not only does this “split square” fail to be Segal, but that this failure indicates the germ of an
argument that every b-annotated Segal type is simplicial. We show this to be the case in the context
of triangulated type theory [GWB24]. For the sake of concreteness, we recall the main definitions
where I is a bounded distributive lattice.

Definition 0.1. The 2-simplex A® is given by X, ;;i > j. The (2,1)-horn is the subtype given by the
stronger condition }}; j;i =1V j =0.

Definition 0.2. A type is Segal if X2* — X1 is an equivalence.

Definition 0.3. A type is simplicial if []; ;;isEquiv(const : X — (i < jV j <i— X)).

By Rijke, Shulman, and Spitters [RSS20], the subcategory of simplicial types is (lex) reflective.
We denote the induced monad by (1. Aside from the axiom postulating I, we require the following
three axioms of triangulated type theory:

Axiom 1 (Crisp induction). For every p, the canonical map mod,(a) = mod,(b) — (u|a=">b) is
an equivalence.

Axiom 2 (Cubes separate). A map f :, A — B is an equivalence if and only if the following holds:
(n 3 Nat) — isEquiv(fi: (b |I" > A) - (b | I" - B))
Axiom 3 (Simplicial stability). IfA :, U then the following map is an equivalence for all n :, Nat:
ne s (b1 A" = A) - (b | A" — BA)

Our argument proceeds in three steps. First we show that Segal types are triangulated (orthogonal
to the inclusion {(i,j) : I? | i < j V j < i} — I2). Next we show that orthogonality to the “split
square inclusion” implies orthogonality to higher-dimensional variants. Finally, we show that
orthogonality to the subobjects defined by these high-dimensional variants implies simpliciality.

Theorem 0.4. If X :, U is Segal then X is simplicial.
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Proor. Combine Lemma 1.2, Lemma 2.10, and Lemma 3.4. Note that in the last lemma we require
that X be b-annotated. ]

Remark 0.5. Note that the converse is false with a counterexample given by, e.g. Up. Furthermore,
the b-annotation is necessary: consider i < j V j < i as all propositions are Segal.

1 Segal types are triangulated
We begin by showing a simpler result: X is orthogonal to {(i,j) : I* | i < j vV j < i} — I%. In the
parlance of agda-synthetic-categories, such types are called triangulated.

Notation 1.1. We shall extend this terminology slightly and say that a map is triangulated anodyne
if it left orthogonal to triangulated types. In other words, if it is in the left class generated by
{G,)H):Pli<jvj<i}xX—>IxX.

For this argument, we do not need any sort of b-annotation on X and we deliberately do not
restrict ourselves to b-orthogonality—the stronger condition will be necessary for the next step.
For the sake of notation, we write S for the domain of this map.

Lemma 1.2. IfX is Segal, X is triangulated.

Proor. We shall argue this by showing that the map S —1I? is a retract of an inner anodyne
map. To this end, we begin with the following section-retraction pair:

s: P> A*xI
s(a,b) = (a,a,b)
relP - A?xI
r(i,j.k) = (i A (kv j), k)
We observe that r os = id immediately. Our next step is to argue that these maps restrict correctly

to the following subtypes:

{Gj):Pli<jvj<i} —— {(i,jk): A2XT| (G, jk)}} —— {(i,j):|i<jvj<i}

I2 A* X1 I2

Here @ is the following somewhat complex predicate:
O(,j,k)=i=1Vj=0Vk=0Vk=1Vj>kVk=>iVizk>j

It is routine at least to check that the two required factorizations exist. That s lifts correctly is
immediate from the k > i and j > k components of this predicate. To check that r lifts correctly,
one proceeds by routine case analysis:

ei=1 = iAN(kVj)=kVj>k

e j=0 = iAN(kVj)=ink<k

e The cases where k = 0 V k = 1 are immediate.

e k>i = iN(kVj)=irnk<k

e j>k = iN(kV)j)=i>k

e i>k>j = in(kV))=iANk<k
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It remains to argue that {(i, j, k) : A2 X I | ®(i, j,k)} —> A? X I is inner anodyne. To this end,
first observe that {(i, j,k) : A2x1|i=1Vj=0Vk=0Vk =1} — A? x I is inner anodyne by
definition as the Leibniz tensor of the Segal map A? — A? and the monomorphism Bool — L.

Next, consider the following pushout:

{(a,b): A’ |a=1Vb=0} {(i,j,k):Asz[ vi;(;/gzgl}
[ ik
AZ {(I’J: k) : AZ x 1 Vi_jl\/j—()}
(a,b) = (a,b,b) vk=0vk=1

By the case of 3-for-2 available for anodyne maps, we conclude that the following is anodyne:
{G,jk) : A>x1|j=kVi=1Vj=0Vk=0Vk=1} - A’ x1I

We continue to glue on additional simplices to weaken the condition. Next, we consider the
following:

a= ik
{(a, b,c): A3 vbzlc} {(i,j, k) : A2 x1 vl,_lej_O}
veso Vk=0Vk=1
| - »
’ {(i, Jk) A2 X1 Vi:jlzvj=0=
(a,b,¢) = (a,b,c) Vk=0vk=1

Again using cancellation, we conclude that the following map is Segal anodyne:
{G,j,k) : A>xT|j>kVi=1Vj=0Vk=0Vk=1} - A>x1I

Our last goal is to allow for the tetrahedron i > k. Before gluing this on, we add an additional
missing face:

= >k
{(a, b,c): A3 vabzlc} {(i, j k) A2 X1 Vi=]1>Vj=0}
Ve=0 Vk=0Vk=1
; [0 201|303
(a,b,¢c) = (a,c,b) Vk=0vk=1
Finally, we consider the following pushout
a= i>k>jVj>k
{(a, b,c) : A3 Vbzlc} {(i, j k) A2 x1 lvi:1JijJ:o }
ve=0 Vk=0vk=1
A|3 {(1’ Jok) : A2 1 k>"y->fv>-jvoj>k}
k) i=1V j=
(a,b,c) — (b, c,a) Vk=0vk=1

The result then follows from another application of cancellation/the valid case of 3-for-2. O
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2 Triangulated types are hyper-triangulated
We now show that triangulated types are orthogonal to triangulations of higher-dimensional cubes.
In particular, let us define the following predicate on I":

Ordered(v) = Vi, j < n.v; <v; Vo; <y

We call a type hyper-triangulated if it is right orthogonal to all maps {0 : I" | Ordered(v)} — I".
We apologize for the poor choice of name and offer the consolation that we will presently show it
to be equivalent to being triangulated.

In what follows, we will want to perform induction and analysis on @ in {v : I"* | ®(v)}. We
therefore define a formal grammar of such predicates amenable to such intensional analysis.

Definition 2.1. A convex predicate on I” is a list of pairs (i, j) € {0...n— 1} and denotes the
conjunction of predicates v — v; > v;.

Definition 2.2. A tope is a list of convex predicate and denotes the disjunction of convex predicates.

Notation 2.3. In what follows, we write ®,% for topes (regarding a convex predicate as a tope
silently) and write [®] for the induced map I" — HProp. We further write [®] for {v : I" | [®](v)}.

When @ is convex, we write ® I- i < j to signify that v; < v; is contained in ® and ® i <* j to
signify that applying reflexivity and transitivity to those inequalities contained in ® forces v; < v;
when ®(v). It is routine to check that it is decidable whether @ + i <* j. We say that @ is acyclic
when @ + i <* j, j <* i does not hold unless i = j.

Lemma 2.4. If® and ¥ are topes, there is a tope ® A ¥ such that [ A [¥] = [® A ¥]. If ® and ¥
are convex, so toois® A V.

Lemma 2.5. Given ® an acyclic convex tope, suppose thatry : I"™! — {o: "1 | [@'](0)} is a
retraction to the canonical inclusion where [®'] is the evident induced convex tope which removes all
mentions of v,_1 from ®. There exists a retractionr : 1" — {v : I" | [®](v)} such that

® T, 10F =,_1 and,
e m;or =g ory hold.
Proor. We shall define the behavior of r component-wise (written using co-pattern notation):
Un-1 i=n-1
U1 Ami(r(v)) ®ri<‘n-1
Up—1 Vmi(r(v)) ®)rn—-1<%i

7;(ro(v)) otherwise

mi(r(v)) =

Here by abuse of notation we have written ry(v) for the map I" — I" which applies ry to the first
n—1 components and preserves the final element unchanged. First, we note that this is well-defined
asamap I" — I" since ® - i < j is decidable.

We must show that [®](r(v)) holds. Suppose that ® + i < j holds where either i or jis n — 1.
By the first three clauses, we immediately see that r(v); < r(v); holds. It remains to show that if
i,j#n—1andi# jthenr(v); <r(v); holds. We proceed by case analysis.

e If®rn—1<"ithenr(v); =ro(v); Vop1 <1o(0); Va1 =7(v);.

e Symmetric reasoning to the above handles the case where ® - j <* n — 1.

e Ifd+rn—-1<"iand ®+ j <" n—1then we obtain a contradiction: ® - j <* i yeti # j.

e If®+ i <" n-—1andeither® - n—1 <* jorn—1and j are incomparable, r(i) =
r0(v)i Avp—1 < ro(v); < r(v); and the conclusion follows.
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e Symmetric reasoning applies if ® - n — 1 <* j and i and n — 1 are incomparable.
e If i and j are both incomparable to n — 1, the conclusion follows from our assumption on
To. m}

Let us note that the evident generalization of this lemma where rather than specifically n — 1
we allow for an arbitrary i holds; one simply applies any permutation of I"” which sends the n — 1
component to i.

Lemma 2.6. Suppose that ® is as above and i and j are incomparable according to @, then there exists
a retractionr : 1" — {v : I" | [®](v)} which fixes both the i and j components.

ProoF. Choose any retraction ry : 17?2 — {0 : I""% | [®”](v)} where ®” removes any mention
of v;,v; (for instance, using the above lemma inductively). Using the above lemma, extend this
retraction tory : I"™' — {v : "' | [®'](v)} which @ only removes mentions of v;. By the above
lemma, we know that r;(v); = v;.

Next, extend this retraction to ® again using the above lemma r : I" — {0 :I" | [®](v)} and,
since we have assumed ® leaves v; and v; are incomparable, v; continues to be fixed by r. ]

Lemma 2.7. Suppose that ® is as above and further suppose that i and j are incomparable according
to ®. Then the following map is triangulated anodyne:

{o:1" | [@](0) A (vi <vj Vo <o)} —{o: 1" | [@](v)}

Proor. Using the above lemma, choose a retraction [* — {v : I" | [®](v)} which fixes v; and v;.
The conclusion then follows from the section-retraction diagram:

{v m

[®] (0) A v 3;,1} —— {o:I"|v; <0;Vo; <0} — {o:1"| [®](v) Aj’;_fggi}

{o:1"] [2] (0)) " {0:1"] [2] (o))
In particular, since the retraction fixes v; and v; it correctly lifts. O

Lemma 2.8. Ifatope® has the property that for all convex topes ¥ the map {v : I" | [®] (v) A [¥](v)} —
{o:1" | [¥](v)} is triangulated anodyne then the same holds for all topes V.

Proor. Let us induct on the number of convex components in ¥. The base case is as the map is
an isomorphism.

For the inductive step, suppose that m N m m is triangulated anodyne whenever ¥ can be
written as the union of k convex components. Suppose now that ¥ = ¥; vV ¥, where ¥; is k convex

topes and ¥; is convex. From the induction hypothesis it follows that both [[‘I’l]] N [[CDH [[‘{’1]] and
[[‘Pg]] N [[fbﬂ [[‘I’z]] are triangulated anodyne.

Moreover, note that distributivity allows us to write [¥;] N [¥;] as a tope using at most k convex
components and hence the map the following map is triangulated anodyne:

(%] N [%D) n[@] = ([#] 0 [9]) N ([%] N [@]) — [¥] N [¥]

It follows that m N ﬁ;]] — m is triangulated anodyne as it is the pushout of the canonical
span of these three maps. O

Lemma 2.9. For any tope ® the map following map is triangulated anodyne:
{o:1" | [@](0) A (0: S0 Vo; <o)} —>{o: 1" | [0 (0)}
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ProoF. By the above lemma, it suffices to show that this is the case whenever {v : I" | [®](v)} is
convex. Note that if ® is convex but not acyclic, [®] is equivalent to an acyclic convex predicate on a
smaller cube and on this smaller cube cut out by [®] either v; < v; Vv; < v; remains unchanged—as
® does not for i = j—or becomes T. As the latter case is trivial, we may safely assume that ® is
acyclic convex. If v; and v; are incomparable according to @, then Lemma 2.7 applies. On the other
hand, if they are comparable then the above map is an isomorphism and so the result follows. O

Lemma 2.10. IfX is a triangulated type, it is right orthogonal to {v : I" | Ordered(v)} — I".

Proor. We generalize to showing the following map is triangulated anodyne for all topes ®:
{v:1"| [®](v) A Ordered(v)} — {v: I" | [®](0v)}

We shall proceed by induction on the number of incomparable pairs (v;,v;) according to ®. The
base case where ® proves that every pair is comparable is trivial as the above map is an isomorphism.
In the inductive step, Lemma 2.9 tells us that if v; and v; are incomparable then the following map
is triangulated anodyne:

{o0:1"| [®](v) Av; <v; Voj <o} —{o:T" | [@](0)}

Applying the induction hypothesis to the tope produced by intersecting ® with v; <v; Vo; <v;
and noting that Ordered(v) contains v; < v; V v; < v; as a conjunct, the conclusion follows by the
stability of anodyne maps under composition. O

Alternative proof of Lemma 2.10. We record the following more direct but combinatorial proof of
Lemma 2.10 for posterity.

ProoF oF LEMMA 2.10. We proceed by a somewhat complex induction. We argue that for all n
and o a permutation of k < n elements then the following map is triangulated anodyne:

{o : 1" | 36 : Perm(n). extends(G,0) Avg(0) = -+ = Vs(n-1)} = {0 : 1" | V5(0) =+ = Vo (k—1)}
Here extends(&, o) is the relation stating that o(i) < o(j) if and only if (i) < &(j).

If k = n, we are done. Suppose for a moment that k + 1 = n. For notational simplicity in what

follows, we assume that o is the identity permutation but this has no real impact. By our above
lemma, the following map is triangulated anodyne:

{0: I Jog > > 05 A (poy S0 Vop S o)} o {0 I o > >0}

We can distribute the A over the V to rewrite the top condition as vy > -+ > vp_1 > vg V
(vk—1 < Ok V U < 0Uk_1 AU = vk_1). Moreover, arguing inductively and using the closure of ano-
dyne maps under pushouts, we can see that the following map is triangulated anodyne:

{fo:T" | F0<i<kog>-->0 120 >0;> 2051} = {0: " oy > > 054}

Here we by convention take v_; = 1 and v4; = 0. This argument concludes the case where k+1 = n.
For the general case, the above reasoning tells us that it suffices to argue that the following map
is triangulated anodyne:
{v :1" | 3G : Perm(n). extends(G, 0) A vs(0) = -+ = Vg(n-1)}
—>{o:I"|F0<i<kovg> 20,10 >20; >+ >0k_1}
Pulling back this map along the canonical inclusion of {v : I" | -+ > v;_1 > v > v; > ...} for

each i is triangulated anodyne by our induction hypothesis. Moreover, pulling back this map along
any intersection of these conditions (say for iy < ... < ij) is equivalent to the following map

{o:I"| 36 : Perm(n — (i; —ip + 1)). extends(5,id) A vz0) = - = Vs(n-1)}
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= {o:I"UT [y >0 > 02 2 05}

This is in turn is triangulated anodyne by our induction hypothesis. As a result, the union of all
these maps is triangulated anodyne, completing our proof. O

3 b-triangulated types are simplicial
The next step in the argument is to show that all b-annotated triangulated types are simplicial. The
b-annotation is used only in the following arguments:
Lemma 3.1. Fix X :, {0 : I" | Ordered(v)} — U such that for any map i 3, A™ — 1" the following
holds

isContr({b | (v : A™) — X(iv)))
The type (b | {v : I" | Ordered(v)} — X(v)) is then contractible.

Proor. We prove that the slightly more general claim that the claim holds for any ¢ = ¢; vV
-V ¢y + I" — HProp such that {v: 1" | ¢;} = A" We quickly note that given such a ¢,
d1 Ao V... dm A @ also satisfies this condition: the intersection of two total orderings on I" is a
total ordering on a (possibly smaller) I".

We proceed by induction on m. The cases where m = 0, 1 are immediate. If m > 2 then we first

note that by converting a map out of a disjunction into a pullback and leveraging the fact that
(b | =) preserves limits, we then find the following:

G {o: 1" ¢(v)} — X(v))
=0 [{o: 1" ] ¢1(0)} = X(0)) X(b| {01741 () Ads (o) V... =X (0)) D [ {0 T [ $2(0) V... } — X(0v))

All three of these types are contractible: the first by our assumption since {v | ¢;(v)} is isomorphic
to a simplex and the latter two by our induction hypothesis. The conclusion then follows as the
limit of contractible types is contractible. O

Lemma 3.2. IfX,Y :, U areb-orthogonal to {v : I" | Ordered(v)} — I" thenamap f 1, X —> Y is
an equivalence if and only if for all n : Nat, the following holds

isEquiv((f)T: (b | A" = X) = (b | A" > 1))

Remark 3.3. Here by b-orthogonal we mean that the comparison map X' — X{2"l--} js an
equivalence after applying (b | —) to both sides.

Proor. The only if direction is clear, so we focus on the if. By the cubes-separate axiom, it
suffices to show that the following maps are equivalences:

L) -X) = O|I"—-Y)

Moreover, since X and Y are orthogonal to {v : I" | Ordered(v)} — I, this in turn is equivalent to
the following condition:

isEquiv((£)": (b | {v: I" | Ordered(v)} — X) — (b | {v : I" | Ordered(v)} — Y))

We must show that if y :, {v : I" | Ordered(v)} — Y then (b | {v : I" | Ordered(v)} — Xy (»))—the
fiber of the above map—is contractible. Our assumption is that the restriction of this type along
any map A™ — I" is contractible and so the conclusion follows by Lemma 3.1. O

Lemma 3.4. A type X :, U is simplicial iff it is right b-orthogonal to {v : I" | Ordered(v)} — I".
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Proor. The only if is clear: {v : I"* | Ordered} — I" is an intersection of simplicial-anodyne
maps and, as a left-exact localization, simplicial anodyne maps are stable under intersections
(indeed, under arbitrary pullback).

For the if direction, we must show the unit map X — (41X is an equivalence. As both sides are
b-orthogonal {v : I" | Ordered(v)} — I" it suffices to argue that the following holds:

isEquiv((.)": (b | A" = X) — (b | A" — X))

This, in turn, is precisely the simplicial stability axiom. O
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