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Abstract

This document describes formally the transfinite version of the Iris program logic. It is based on the
technical documentation of Iris, available at https://plv.mpi-sws.org/iris/appendix-3.3.pdf. Every result in
this document has been fully verified in Coq.


https://plv.mpi-sws.org/iris/appendix-3.3.pdf
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1 Meta-Logic

We use a constructive extensional type theory as a foundation for stating definitions and proving lemmas.
This theory features a hierarchy of type universes To C T; C To C ..., as well as an impredicative
universe Prop C T of meta-level propositions. Think of Prop in Coq or B in classical mathematics. We
write T to denote an arbitrary suitable universe of the hierarchy as the exact universes do not matter except
for a few instances. The standard notation x : X to denote that z is of type X is used.

We make use of the standard type formers. Given two types X, Y, the product type X X Y contains
pairs (z,y) of elements z : X andy : Y.

The sum type X +Y == L(z : X)|R(y : Y) contains elements of X or Y, while the option type
X" = S(z : X)|L adds an “error element” | to X. For elements z : X + Y of sum types, we slightly
abuse notation and write z : X for the assertion that z = L(x) for some x : X and z : Y for z = R(y) with
y : Y. Similarly, for elements m : X7, m : X denotes that m = S(z) for some z : X.

For a function P : X — T, X(z : X).P x denotes the standard dependent sum type containing
dependent pairs (x : X,y : P x). In case that P : X — Prop, one can imagine X(z : X).P z as the subset
type of X whose objects satisfy the predicate P.

Similarly, for P : X — T, [[(z : X).P z is the dependent product type containing functions Az.e
where the return type may depend on the argument x. In the special case that P : X — Prop, we also write
V(z : X).P x to emphasize the connection to universal quantification via the Curry-Howard isomorphism.

For some results, we need non-constructive reasoning. We will always make clear in which places we
need to assume classical axioms. The following axioms are of relevance here:

« Functional Extensionality (FE):If f,g: X — Y and Vx.fx = gz, then f = g.
« Propositional Extensionality (PE): If P, Q) : Prop with P <> @, then P = Q).

« Excluded Middle (XM): If P : Prop, then P V —P.

« Choice: For P : X — Prop, if 3z.P z, then ¥z.P z.

In several instances, we need to “quotient” some type X by an equivalence relation =, obtaining a type
X/E withe =y & x=yforz,y: X/E. While this is not natively supported in most type theories,
we can formally resolve this in the standard way by defining a setoid structure with = on top of X and
overloading the usual equality sign = to refer to the relation = in corresponding contexts. As the formal
details are not interesting, we will not go into more detail on paper.



2 Step-Indices

From the perspective of the model, Iris is a particular step-indexed logical relation. Traditionally, only
natural numbers are used for step-indexing. For transfinite Iris, we allow more general types to be used
as step-indices such as constructive and non-constructive ordinals. As we shall see in the following, each
of these types offers its own advantages and disadvantages. We allow the user of Iris the choice of which
step-index type is appropriate by parameterizing definitions over the type that is used. We impose the
following requirements on step-index types:

Definition 1 (Step-Index Type). A step-index type (Z,<,S,0) consists of a type L, a relation < : T — T —
Prop onZ, a successor functionS : T — 7, and a zero element O : Z, with:

< is transitive and well-founded (INDEX-REL)

Vo, B. (a<8)+(a=0)+(B<a) (INDEX-LINEAR)
Va. = (a<0) (INDEX-ZERO-LEAST)

Va.a<Sa (INDEX-SUCC-GREATER)
Va,B.a<8=Sa=x«a (INDEX-SUCC-LEAST-GREATER)

Va. (38.a=S8)+(VB<a. SE<a) (INDEX-DISTINGUISH-LIMIT)

The values of I are called step-indices.

Note that the disjunctions in INDEX-LINEAR and INDEX-DISTINGUISH-LIMIT as well as the existential quantifier
in INDEX-DISTINGUISH-LIMIT have to carry computational content, meaning we can write functions which
inspect whether the left or right hand side was chosen and can access the witness .

2.1 Constructive Step-Indices

Traditionally, natural numbers are used for step-indexing. In the sense of Definition 1, natural numbers
form a step-index type with (N, <,n — n + 1,0). Natural numbers contain all ordinals up to the first
proper limit ordinal w'. In this sense, natural numbers are finite step-indices.

We obtain a transfinite notion of step-indices by extending the indices we consider with the ordinals
w,w + 1,... up to but not including w?:

0,1,...,0,w+1,...,w-2,...,w-3,...,w-4,...

Formally, each such ordinal w - m + n may be represented as a pair (m, n). For example, we represent the
ordinal w + 42 by (1, 42), the ordinal w by (1, 0), and the ordinal 1 by (0, 1).

We obtain an ordering on the pairs that coincides with the ordering on the ordinals they represent by
ordering them lexicographically:

(m,n) <(m',n') £ (m <m')or (m =m’ andn < n')

The successor is given by S(m, n) £ (m, n + 1) and the zero by (0, 0). Each ordinal of the form w - (m + 1),
represented by (m + 1, 0), is a proper limit ordinal since it is larger than all of the ordinals w - m + n for
n=20,1,...

Technically, O is also a limit ordinal but not a very interesting one at that. We dub all other limit ordinals proper limit ordinals.



Lexicographic Product To obtain step-indices for larger ordinals than w? such as w?,w?, ... we gen-

eralize the above approach. We define operation Z xiex J which constructs the lexicographic product of
two step-index types Z and 7. We then obtain step-indices up to w? as N x ¢ N, step-indices up to w? as
N Xlex(N Xlex N),

Definition 2 (Lexicographic Step-Index Product). Let (Z, <z,Sz,0z) and (J,<7,S7,07). We define:
z ><lexu7 = (I X j, ~lexs Slexa Olex)

where:

[I>

(i7j)-<lex(i/,j’) (i<z i/) or (i = i and j '<Jj/)
Slex(iaj) (i7s..7 ])
Olex = (OI, OJ)

(1>

>

2.2 Non-Constructive, Large Step-Indices

All of the constructions above are constructive, meaning they do not require any classical reasoning
principles such as the law of excluded middle or the axiom of choice. If we assume such reasoning principles,
we can construct even larger ordinals such as uncountable ordinals®. As we shall see in Section 2.3, such
large ordinals can be used to derive powerful existential properties. We (non-constructively) construct such
large ordinals by embedding a set theory in our type theory.

Ordinals in Set Theory

The construction of these large ordinals in a set theory proceeds in two steps, building on the work of Kirst
and Smolka [2018]. First, a type of sets is defined in type theory using Aczel trees [Aczel, 1978; Werner,
1997]. Second, the notion of ordinals is defined on top of the set theory.

Aczel Trees In the following, we construct sets from Aczel trees. As the name indicates, Aczel trees can
be used to represent trees — finitely and infinitely branching trees, to be precise.

Definition 3 (Aczel Trees). We inductively define Aczel trees as:
a,b: Acz :=T(X : Type)(f : X — Acz)

with the projections:
71 : Acz — Type 7o : Ila : Acz. mpa — Acz

m(TXf) =X m(TXf) = f

The intuition behind this definition is that each fx for x : X is a direct subtree of the tree T X f.
For example, we obtain the empty tree, displayed in Figure 1a, as ag = T L aborta., where L is the
empty type and abortac, : L — Acz is the vacuous function from the empty type to Aczel trees. We
obtain a singleton tree, displayed in Figure 1b, as a; = T1(() ~ ag) and a binary tree, displayed
in Figure 1c, as a; = TB (b + if bthen ag else a; ). We obtain an infinite tree, displayed in Figure 1d, as
oo = TN (n+— s"ag) where sa = T1(() = a).

2Uncountable ordinals are those ordinals o where the number of ordinals 8 < « is uncountable.
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Figure 1: Tree Examples

Constructive Set Theory To build a set theory on top op Aczel trees, we need a suitable notion of
membership and equality. For membership, we consider the direct subtrees of a tree a to be the elements of
a. For equality, we incorporate the usual notion of equality on sets that two sets are equal if their elements
are equal. We define:
eq(TXf)(TYg) 2 (Vo: X.3y:Y.eq(fz)(gy)) and (Vy : Y. 3z : X.eq(fz) (9y))
ina(TYg) = 3y:Y.eqa(gy)
Aczel trees equipped with the above notions of equality and membership form give rise to a constructive
set theory. For example, we can define the usual set operations by:
)£ T Labort
{a,b} = T B (b~ if bthenaelseb)
map f (TXg) £ T X (z — f(g2))
filter P(TXf) =T (22 : X. Px) ((z,_) — fx)
UTX/) =T (B2 : X.mi(f))((z,a) = (m2(f2))a)
P(TXf)E2T(X — Prop)(P v+ T(Xx: X. Px)((z,_) — fx))

A

Non-Constructive Set Theory If we were to use the constructive version of set theory defined above,
then, in practice, we would need to ensure that every predicate, every function, and every definition is
compatible with the custom notion of equality eq defined above. Instead, we use classical axioms to derive
a set theory where the notion of equality coincides with syntactic equality. Using the axiom of choice,
propositional extensionality, and functional extensionality, we obtain a normalizer 7 : Acz — Acz that returns
the canonical representative for a given Aczel tree, meaning:

Va.eqa (na) (NORMAL-EQUAL)
Va,b. eqab = na =nb (NORMAL-EXT)

We use the normalizer 7 to quotient the type of Aczel trees Acz with the equivalence relation eq and
define:

Set £ Ya : Acz.a =na



All of the constructive set operations lift to Set, including membership which we denote with € for values
of type Set. Additionally, we obtain the following extensionality principle*:

Lemma l. [fAC Band B C A, then A = B where AC B2Vz € Ax € B.

Ordinals Using standard constructions from set-theory, formalized by Kirst and Smolka [2018], we define
ordinals in set-theory using the von-Neumann approach. That is, each ordinal « is the set of all smaller
ordinals, meaning:

a={B|B=<a}

Definition 4. We define Zo,q = (Ord, <ord, Sord, Oord) Where:
a=<odf=aef Sor 2 aU{a} Oorg 2 0

Further, we define a limit operation lim,.x fo £ |J{fz |z : X} which yields the supremum of all the
ordinals fx for = : X. For example, we obtain w as w £ lim,,.y S™ 0.

2.3 Existential Properties

From the perspective of the logic, the interesting differences between the step-indexing types defined above
all arise in the context of existential quantification. In the remainder of this section, we focus on their
differences with respect to existential quantification on a high level, before we descend into the details of
the model of Iris propositions (including ordered families of equivalences, resource algebras, and uniform
predicates, ...) in the next sections. To this end, we assume some step-index type (Z, <, S, 0) and focus on
step-indexed propositions sProp; instead of actual propositions in Iris. Step-indexed propositions sProp; are
predicates of type Z — Prop which are down-closed, meaning for a step-indexed proposition P : sProp,
we have Vo, 8. < f = P = Pa.

To adequately discuss the differences between the step-index types, we equip step-indexed propositions
with a notion of true, false, a later operation, and existential quantification:

T2 a— True
1 £ o+ False
bP2ar—VYs<a. Pj
Jr: X.¢x2 a3z X. (Px)
We say a proposition P : sProp entails a proposition @) : sProp, written P - @, if P o implies ) « for all .
We say a proposition P : sProp is valid, written - P, if Va.. Pa.

We highlight the subtle interplay of existential quantification and step-indexing by considering an
example, trying to prove the following:

Fo L Fp"™ L Fadn:N.p" L

For natural numbers, we know that it is impossible to prove - > L and - >™ L. The reason is that in the
former case, we can pick a = 1 to obtain a contradiction and in the later case, we can pick a = n. The
situation changes drastically if we existentially quantify within the logic over the number of laters. More
precisely, the statement - 3n : N. ™ L is, in fact, provable. Unfolding the definitions, the statement reads

3Using proof irrelevance, a corollary of propositional extensionality



Vm. 3n. (>™ L) m. For step-index m, we can pick the witness n = m + 1. The step-index m reaches 0 after
m later operations and we trivially have (> L) 0.

For a transfinite step-indexing type, both - > 1 and - >™ L, but also - 3n : N. p™ L are impossible
to prove. To see why - 3n : N. p™ L is impossible to prove, we consider what happens at step-index w.
Unfolding the definitions, at step-index w, some witness n must have been chosen such that (>" L) w. Thus,
we have Vm.(>" L) m by downward-closure which we know is impossible to prove.

Abstractly, the interaction between step-indexing and existential quantification boils down to the
following question: “When can a quantifier over step-indices be commuted with an existential quantifier?”.
More formally, for which choices of X and ® : X — sProp do the following rules hold?

Va. 3z : X. (Pz)a V<. .3z : X. (Px)B
Jz : X Vo (Pz)a Jr: X.VB<a. (Pz)8

We refer to the former as the existential property and to the latter as the bounded existential property.

Bounded Existential Property Of the step-indexing types introduced above, natural numbers are the
only type which satisfies the bounded existential property for all inhabited types X and all choices of ®.
The reason is that every index except for zero has a largest predecessor. To find the right witness z, we can
just use the witness of the largest predecessor which is sufficient for smaller step-indices by down-closure.

Transfinite step-index types cannot enjoy the bounded existential property. For transfinite step-index
types, we have already seen in the example above that the proposition 3z : X. V8 <w. (®x)/S is false
for X £ Nand ®n = > 1. However, V3 <w. 3z : X. (®z)p is true for X £ N and &n = " | with
x £ B+ 1* as we also argued above.

The bounded existential property is equivalent to the following entailment, unfolding the definitions of
the operations on sProp:

X is a non-empty type
>(Jz: X. Px) - (z: X. >Px)

Consequently, any transfinite step-indexing type cannot prove soundness of the commuting rule of later
with existential quantification.

Existential Property By definition, the existential property is equivalent to the following (meta-level)
rule:
Fdz: X. ¢

dr: X. - &x

The example above shows that natural numbers do not enjoy the general existential property for all types
X and predicates ®. More precisely, we know that - In : N.>™ L is provable. However, In : N. - p" L
cannot be true since for each n, we know that - >" L is false.

This fact suggests a certain relation between the size of the step-index type and the size of the types
X for which we can validate the existential property. In principle, one may therefore expect that any
step-index type Z cannot validate the existential property for types X which are at least as large as Z.

However, in practice in proofs many existential quantifiers are not instantiated based on the current
step-index. As we shall see in subsequent sections, it can be really useful to have existential properties in
these cases. In fact, we can recover existential properties for specific choices of X and ®.

4Technically, the embedding of 3 into the natural numbers.

10



Finite Existential Properties For finite existential quantifiers, we can recover the existential properties
classically. That is, we can show (under the assumption of the law of excluded middle):

FPVQ

>PVQFEMPEP)V(> _—
QFEP)V(EQ) ot
where PV Q £ 3b : B. if bthen P else Q. For finite sets other than B, we can use repeated application of
the rules for disjunction to obtain the existential properties. We showcase the proof of the latter property:

Lemma 2. If- PV Q, thent P or - Q.

Proof. Lett= PV Q. If - P, then the claim is trivial. Let - I P. Then there is some step-index « such that
= Pa. By down-closure, we know =P/ for all 5 with « <X 3. Since - P V @, we know @ for all 5 with
a < . By down-closure, we also know @ for all 8 < «. Thus, we have shown F Q. O

Small Existential Property As was suggested above, in general it does not seem possible to prove the
general existential property:

Fdx: X. &x
dr: X. + &x

However, as we shall see below, for the non-constructive ordinals, we can show the property for all types
X which are significantly smaller in cardinality than the ordinal type Ord. To explain what significantly
smaller means and how we can obtain such a proof, we take a closer look at the universe mechanism
underlying our meta logic.

To this end, assume the meta theory does not contain a hierarchy of universes but only a single one
Type and recall the definition of Aczel trees:

a,b: Acz :=T(X : Type)(f : X — Acz)

What happens if we construct the “tree of all trees” (in analogy to the set of all sets). That is, we define
aac; 2 T Acz (a — a). In this case, we obtain Va.—inaa by induction on a but also inaac,aac, an
inconsistency.

We can avoid this inconsistency by using a hierarchy of universes Type, : Type, : Type, ... The
hierarchy allows us to place the type of Aczel trees Acz one universe above the type X. That is, if X : Type,,
then T X f : Acz where Acz : Type, . By extension, the types Set and Ord are in universe 4 if they are
constructed using Aczel trees in universe i.

The small existential property gives us a soundness result for quantifiers X : Type, where the step-index
type Z is Ord : Type, |, written Ord; ;.

Lemma 3. Let X : Type, and ¢ : X — Ord;;1 — Prop such that ¢z is up-closed for all x, meaning
Veaf.a=0=dxa= ¢z f. IfVe: X.Ja: Ordiy1. (¢px) @, then Ja : Ord;41. Vo : X. (o) a.

Proof. Using the axiom of choice, there is a function f : X — Ord; 1 such that Vz. (¢z) (fx). We define
« : Ord;y; 2 lim,.x fo. It remains to show Vx : X. (¢2) a which follows by up-closure, given that
fr=<a:0rdiy; £ lim,.x fzforalz: X. O

Lemma 4 (Small Existential Property). Let X : Type, and the step-index type be Ord; ;.

Fdx: X. Ox
dr: X. - ®x

11



Proof. Unfolding the definitions, assume Vo : Ord;;1. 3z : X. (®z) a. By way of contradiction, assume
-3z : X. F ®z. That is (classically), Vz : X. Ja : Ord;11. 7(Px)a. The predicate  — a — —(Px)a
is up-closed, since @z is down-closed for all z. By Lemma 3, we have 3o : Ord; 1. Vz : X. =(Px) , a
contradiction to Vo : Ord; 1. 32 : X. (Pz) . O

Existential Properties Overview We summarize the results of this section in the following table:

Step-Index Type Finite Bounded Bounded Finite Small
Natural Numbers yes yes classically  N/A
Constructive Transfinite classically no classically N/A
Non-Constructive Transfinite yes no yes yes

12



3 Model

3.1 Ordered Families of Equivalences

The model of finite Iris lives in the category of Ordered Families of Equivalences (OFEs). For transfinite Iris,
we generalize OFEs to arbitrary step-indexing types. To this end let Z be an arbitrary step-index type.

e}

Definition 5. An ordered family of equivalences (OFE) is a tuple (T/E, (=:T = T — Prop)s.z) satisfying

Ya. (£) is an equivalence relation (oFE-EQUIV)

Va,B.B=a = (£) C (ﬁ) (oFE-MONO)

wherex = y £ Va.x = y.

The idea of this definition is that larger step-indices o may be understood as more “time” to com-
putationally distinguish two objects. In other words, as « increases, = becomes more and more refined
(ore-mono)—and in the limit, it agrees with plain equality, due to the required quotienting’.

Definition 6. An value z : T' of an OFE is called discrete if

Vy:T.a:gy:mT:y

An OFE A is called discrete if all its elements are discrete. For a type X, we write AX for the discrete OFE
withe £ 2’ 2z =2,

Definition 7. A function f : T — U between two OFEs is non-expansive (written f : T 5 U) if
VYa.Va,y:T.xz =y = f(z) = fly)
It is contractive if
B o
Va.Vr,y: T.(VB<a.x=y) = f(z) = f(y)

Intuitively, applying a non-expansive function to some data will not suddenly introduce differences
between seemingly equal data. A contractive function will make seemingly equal data even more indistin-

guishable.
Definition 8. The category OFE consists of OFEs as objects, and non-expansive functions as arrows.

Note that OFE is bicartesian closed, i.e., it has all sums, products and exponentials as well as an initial
and a terminal object. In particular:

Definition 9. Given two OFEs T and U, the non-expansive function space T = U is itself an OFE with
f=g& Ve T f(z) = g(x)

Note that with this definition of step-indexed equality for function-space OFEs, functions f : T = U
are extensional, even though we do not assume functional extensionality at the meta-level®.

SFormally, according to Section 1, this just means that we define a setoid structure with = on top of the arbitary type 7" and
overload the equality symbol.
®Formally, this works due to the implicit “quotienting” (i.e., the setoid structure on top of OFEs).

13



Definition 10. A (bi)functor ' : OFE — OFE is called locally non-expansive if its action Fy on arrows is
itself a non-expansive map. Similarly, F' is called locally contractive if Iy is a contractive map.

The function space (—) = (—) is a locally non-expansive bifunctor. Note that the composition of
non-expansive (bi)functors is non-expansive, and the composition of a non-expansive and a contractive
(bi)functor is contractive.

One very important OFE is the OFE of step-indexed propositions sProp, which we have already encoun-
tered in Section 2.3: For every step-index, such a proposition either holds or does not hold. Moreover, if a
proposition holds for some n, written as n € P, it also has to hold for all smaller step-indices.

sProp £ X P :N — Prop.¥apB. a<3 = PB= Pa
PEZQ2VE=za.PB&Qf
PCQAVE<a. PB=Qp

3.2 Complete Ordered Families of Equivalences

COFEs are complete OFEs, which means that we can take limits of chains.

Definition 11 (Chain). Given some OFE T', a chain is a function ¢ : T — T such that Vo, 5. a2 =

c(B) = c(a).

In the transfinite setting, we not only need to be able to take limits of chains but also of bounded chains,
that is chains which are bounded by an index a.

Definition 12 (Bounded Chain). Given some OFE T, an a-bounded chain is a functionc : IIf. <a — T
such thatVB < a,y<a. B =<y = c(v) £ c(B).

Definition 13. A complete ordered family of equivalences (COFE) is a tuple (T : OFE, lim : chain(T") —
T,blim : I > 0. behaing (T') — T') satisfying

Va, (c : chain(X)). lim(c) = ¢(a) (coFE-compL)

Va0, 8 < a, (¢ : behaing (X)). blim(c) 2 c(B) (cOFE-BCOMPL)

Va0, 8.¥(c,d : behaing (X)). (v < a.c(v) £ d(v)) = blim(c) £ blim(d)  (cors-compr-nE)
Definition 14. The category COFE consists of COFEs as objects, and non-expansive functions as arrows.

The function space 7'~ U is a COFE if U is a COFE (i.e., the domain 7" can actually be just an OFE).
sProp as defined above is complete, i.e., it is a COFE.
Completeness is necessary to take fixed-points.

Theorem 1 (Banach’s fixed-point). Given an inhabited COFE T' and a contractive function f : T'— T, there
exists a unique fixed-point fixp f such that f(fizpf) = fix f. Moreover, this theorem also holds if f is just
non-expansive and f* is contractive for an arbitrary k.

14



3.3 Resource Algebras

Definition 15. A resource algebra (RA) is a tuple
(M,V: M — Prop,|—|: M — M*,(-) : M x M — M) satisfying:

Ya,b,c.(a-b)-c=a-(b-c) (ra-assoc)

Va,b.a-b=">b-a (rRA-cOMM)

Va.la|: M = |a|-a=a (RA-CORE-ID)

Va.la| : M = ||a|| = |a] (RA-CORE-IDEM)

Va,b.la] : M ANa<b=1b]: M Ala| % 1|b] (RA-CORE-MONO)

Va,b.V(a-b) = V(a) (RA-VALID-OP)

where - L21.4"24

a<xb&3c:Mb=a-c (ra-1NCL)

RAs are closely related to Partial Commutative Monoids (PCMs), with two key differences:

1. The composition operation on RAs is total (as opposed to the partial composition operation of a PCM),
but there is a specific subset of valid elements that is compatible with the composition operation
(ra-varLip-op). These valid elements are identified by the validity predicate V.

This take on partiality is necessary when defining the structure of higher-order ghost state, cameras,
in the next subsection.

2. Instead of a single unit that is an identity to every element, we allow for an arbitrary number of units,
via a function |—| assigning to an element a its (duplicable) core |a|, as demanded by ra-core-1p. We
further demand that |—| is idempotent (ra-core-1pEM) and monotone (Ra-core-mono) with respect to
the extension order, defined similarly to that for PCMs (ra-1ncL).

Notice that the codomain of the core is the option type M, adding a dummy element | to M. Thus,
the core can be partial: not all elements need to have a unit. Partial cores help us to build interesting
composite RAs from smaller primitives. We use the metavariable a” to indicate elements of M*. We
also lift the composition (-) to M. In a slight abuse of notation, we write a” : M for the assertion
that there exists a’ : M with

Notice also that the core of an RA is a strict generalization of the unit that any PCM must provide,
since |—| can always be picked as a constant function.

Definition 16. It is possible to do a frame-preserving update froma : M to elements satisfying P : M — Prop,
written a ~ P, if - -
Vai - M* V(a-al)=3b: M.PbAV(b-af)

We further definea ~ b= Vai : M*.V(a-a}) = V(b-a}).

The proposition a ~ P says that every element a} compatible with a (we also call such elements frames),
must also be compatible with some b satisfying P b. Notice that a} could be L, so the frame-preserving
update can also be applied to elements that have no frame. Intuitively, this means that whatever assumptions
the rest of the program is making about the state of v, if these assumptions are compatible with a, then
updating to b will not invalidate any of these assumptions. Since Iris ensures that the global ghost state is
valid, this means that we can soundly update the ghost state from a to a non-deterministically picked b
with P b.
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3.4 Cameras

Definition 17. A camera is a tuple (M : OFE,V : M ™% sProp, || : M ™ M?,
(:): M x M X M) satisfying:
Ya,b,c.(a-b)-c=a-(b-c) (CAMERA-ASSOC)
Va,b.a-b="b-a (CAMERA-COMM)
Va.la|: M = |a|-a=a (CAMERA-CORE-ID)
Va.la| : M = ||a|| = |a] (CAMERA-CORE-IDEM)
Va,b.la|: M Aa<b=1b: M Ala| < b (CAMERA-CORE-MONO)
Va,b. V(a-b) C V(a) (CAMERA-VALID-OP)
Ya,a,bi,ba.a € V(a) Aa = by -by =
dicy,c0.a=c1-caNCy ZhiAcs = by (CAMERA-EXTEND)
where

a<bEYeb=a-c (cAMERA-INCL)
aXb2YcbZa-c (caMERA-INCLN)

This is a natural generalization of RAs over OFEs’. All operations have to be non-expansive, and the
validity predicate ) can now also depend on the step-index. We define the plain V as the “limit” of the
step-indexed approximation:

V(a) £ Va. o € V(a)

The extension axiom (camera-exTEND). Notice that the existential quantification in this axiom is con-
structive, i.e., it is a sigma type in Coq. The purpose of this axiom is to compute a1, as completing the
following square:

a

12

b
I |
ap-az & bl . bQ

where the a-equivalence at the bottom is meant to apply to the pairs of elements, i.e., we demand a; = b;
and as = bs. In other words, extension carries the decomposition of b into b; and b over the a-equivalence
of a and b, and yields a corresponding decomposition of a into a; and as.

With finite step-indices, this operation is needed to prove that > commutes with separating conjunction:

MP*xQ) < >P*x>Q

Transfinite indices do not enjoy this commuting property (see Section 4).

"The reader may wonder why on earth we call them “cameras”. The reason, which may not be entirely convincing, is that “camera”
was originally just used as a comfortable pronunciation of “CMRA”, the name used in earlier Iris papers. CMRA was originally
supposed to be an acronym for “complete metric resource algebras” (or something like that), but we were never very satisfied with
it and thus ended up never spelling it out. To make matters worse, the “complete” part of CMRA is now downright misleading, for
whereas previously the carrier of a CMRA was required to be a COFE (complete OFE), we have relaxed that restriction and permit it to
be an (incomplete) OFE. For these reasons, we have decided to stick with the name “camera”, for purposes of continuity, but to drop
any pretense that it stands for something.

16



Definition 18. An element ¢ of a camera M is called the unit of M if it satisfies the following conditions:

1. € is valid:
Va.a € V(e)

2. ¢ is a left-identity of the operation:
Vae M.c-a=a

3. € is its own core:
le] =€

Lemma 5. If M has a unit €, then the core |—| is total, i.e., Va. |a| € M.

Definition 19. It is possible to do a frame-preserving update from a € M to elements satisfying P : M —
Prop, written a ~» P, if

Va,af.a € V(a-af) =3b: M.PbAa e V(b-a])
We further define a ~ b = VYa,af.a € V(a-af) = a € V(b-af).
Note that for RAs, this and the RA-based definition of a frame-preserving update coincide.
Definition 20. A camera M is discrete if it satisfies the following conditions:

1. M is a discrete OFE

2.V ignores the step-index:
VYa € M.0 € V(a) = Va.a € V(a)

Note that every RA is a discrete camera, by picking the discrete OFE for the equivalence relation.
Furthermore, discrete cameras can be turned into RAs by ignoring their OFE structure, as well as the
step-index of V.

Definition 21 (Camera homomorphism). A non-expansive function f : My = M, between two cameras is
a camera homomorphism if it satisfies the following conditions:

1. f commutes with composition:

Yay : Mi,as: Mi. f(a1) - f(a2) = f(a1 - a2)
2. f commutes with the core:

Va: M. [f(a)| = f(|a])
3. f preserves validity:

Va.Va: My.a € V(a) = a € V(f(a))

Definition 22. The category Camera consists of cameras as objects, and camera homomorphisms as arrows.

Note that every object/arrow in Camera is also an object/arrow of OFE. The notion of a locally
non-expansive (or contractive) bifunctor naturally generalizes to bifunctors between these categories.

3.5 Constructions

3.5.1 Trivial Pointwise Lifting

The (C)OFE structure on many types can be easily obtained by pointwise lifting of the structure of the
components. This is what we do for option T, product (M;);c; (with I some finite index set), sum T + T,

. . . fi .
and finite partial functions K — M over some countable domain K.
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3.5.2 Next (Type-Level Later)
Given a OFE T, we define »T" as follows (using a datatype-like notation to define the type):
»T £ next(z : T)
next(z) = next(y) £ VB < a.x £ Yy

»(—) is a locally contractive functor from OFE to OFE.

3.5.3 Product Camera

Given a family (M;);cs of cameras (I finite), we construct a camera for the product [ [, M; by lifting
everything pointwise.
Frame-preserving updates on the M; lift to the product:

PROD-UPDATE
a ~> M, P

fli<mal~ X xx=fli<-bAPD

3.5.4 Sum Camera

The sum camera My +; My for any cameras M; and M; is defined as:

My +; My £inl(ay : My) | inr(ag : Ma) | 4
V(4) = False
V(inl(a)) £ Vi(a)
inl(ay) - inl(by) = inl(ay - by)

1 if =1
linl(ay)] 2 if a1

inl(Ja1|) otherwise

Above, V refers to the validity of M. The validity, composition and core for inr are defined symmetrically.
The remaining cases of the composition and core are all 4.

Notice that we added the artificial “invalid” (or “undefined”) element 4 to this camera just in order to
make certain compositions of elements (in this case, inl and inr) invalid.

The step-indexed equivalence is inductively defined as follows:

x%y x gy a
inl(z) < inl(y) inr(z) = inr(y) P

We obtain the following frame-preserving updates, as well as their symmetric counterparts:

SUM-UPDATE SUM-SWAP B
a~p, P Vas € M.« ¢ V(a - ar) V(b)
inl(a) ~ Az.x =inl(b) AP b inl(a) ~> inr(b)

Crucially, the second rule allows us to swap the “side” of the sum that the camera is on if V has no possible
frame.
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3.5.5 Option Camera

The definition of the camera/RA axioms already lifted the composition operation on M to one on M?. We
can easily extend this to a full camera by defining a suitable core, namely

L] =L
la’| £ |af Ifa’ = S(a)

)
Notice that this core is total, as the result always lies in M (rather than in M"").

3.5.6 Finite Partial Functions Camera

Given some countable K and some camera M, the OFE of finite partial functions K I M s equipped
with a camera structure by lifting everything pointwise.
We obtain the following frame-preserving updates:

FPFN-ALLOC-STRQNG FBFN-ALLOC FPFN-UPDATE
I infinite V(a) I(v: K) V(a) v: K a~sp P
0 ~> [y < d 0~ [y<a] fli<mal ~ Ax.x = fli<—bAPD

Above, V refers to the (full) validity of M.

fi . .
K 2 (—) is a locally non-expansive functor from Camera to Camera.

3.5.7 Agreement Camera
Given some OFE T', we define the camera AG(T') as follows:
AG(T) £ (Xa: list(T).a #[])/ ~
wherea £ b2 (Ve ca. yecbaxZ2y)A(Vyeb. Iz ca.x=y)
a~bEVa.aZb
V(a)(a) 2Vz,yca.x =y
la] £ a

a-bEa+b

AgG(—) is a locally non-expansive functor from OFE to Camera.
We define a non-expansive injection ag into AG(7T') as follows:

ag(z) = [z]
There are no interesting frame-preserving updates for Ac(T"), but we can show the following:

AG-VAL AG-DUP AG-AGREE

V(ag(z)) ag(r) = ag(x) - ag(x) a € V(ag(z) -ag(y)) = = =y
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3.5.8 Exclusive Camera

Given an OFE T, we define a camera Ex(T") such that at most one = € T can be owned:
EX(T) £ ex(T) | 4
V(a)(a) 2 a # §
All cases of composition go to 7.
lex(z)] = L 4124

Remember that | is the “dummy” element in M indicating (in this case) that ex(z) has no core.
The step-indexed equivalence is inductively defined as follows:

8
<
12

ox(r) £ ex(y) o
Ex(—) is a locally non-expansive functor from OFE to Camera.
We obtain the following frame-preserving update:
EX-UPDATE
ex(z) ~ ex(y)
3.5.9 Fractions Camera
We define an RA structure on the rational numbers in (0, 1] as follows:
Frac £ frac(Q N (0,1]) | 4
V(a) £ a# 4
frac(q1) - frac(gz) £ frac(qi +q2) ifq1 +g2 < 1
|frac(z)| £ L
412 4

All remaining cases of composition go to 4. Frequently, we will write just « instead of frac(z).
The most important property of this RA is that 1 has no frame. This is useful in combination with
sum-swap, and also when used with pairs:

PAIR-FRAC-CHANGE

(1,a) ~ (1,b)
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3.5.10 Monotone List Camera

Given a type A, we define an RA structure on lists of elements of A as follows:

MList £ mlist(ListA) | 4
V(a) = a+#
11 ifly is a prefix of [3
mlist(l1) - mlist(l2) £ <12 if 1 is a prefix of I
4 otherwise
|mlist(1)| £ mlist(])
4] = 4

Frequently, we will write just [ instead of mlist(x).

3.5.11 Authoritative Camera

Given a camera M, we construct AuTH(M ) modeling someone owning an authoritative element a of M,
and others potentially owning fragments b < a of a. We assume that M has a unit ¢, and hence its core is

total. (If M is an exclusive monoid, the construction is very similar to a half-ownership monoid with two
asymmetric halves.)

Auta(M) £ Ex(M)" x M
V((z,b) (@) & (x=LAaeV0D)V(Fa.z=ex(a) ANb=<, ahacV(a))
(71,01) - (22,b2) = (w1 - 22,ba - b2)
[(z,b)] = (L ]b])
(x1,b1) = (w0,b0) 221 = 20 Aby = b

Note that (L, £) is the unit and asserts no ownership whatsoever, but (ex(), £) asserts that the authoritative
element is €.

Let a,b € M. We write e g for full ownership (ex(a), ) and o b for fragmental ownership (L, b) and
e a, 0 b for combined ownership (ex(a), b).

The frame-preserving update involves the notion of a local update:
Definition 23. It is possible to do a local update from aq and by to as and ba, written (aq, by) NS (az,b2), if
Va,af. o€ V(ay) Aay = by -af = o € V(ag) Aag = by - af

In other words, the idea is that for every possible frame a; completing b; to aj, the same frame also
completes b to as.

We then obtain

AUTH-UPDATE
1
(a17 bl) ~> (a27 b2)

eaj,0b; ~ eas,0by
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3.5.12 Natural Numbers Camera

We can define an RA structure on top of N, with the RA operation being given by addition. This will be
particularly useful in conjunction with timecredits later on.

LT

=
=
[

(>

ny + no

n| =0

The inclusion < is just the usual < relation. Of course, 0 is the unit of the induced discrete camera.

3.5.13 Ordinal Camera

A very similar RA structure can be defined on top of the non-constructive ordinals of §2.2. For addition, we
do not use the naive (non-commutative) addition, but instead the (natural) Hessenberg sum which is both
associative and commutative. We will denote it by the operation & : Ord — Ord — Ord.

(>

V(a)

a7 - Q9

T

(1>

a1 D ag

|Ol| £ 0Ord

Clearly, Oogyq is the unit of the induced discrete camera. The implication o1 < ae = a3 = g is valid.

22



4 Base Logic

Compared to finite Iris, the changes to the base logic are modest. Below we define a transfinite version of
uniform predicates and use the existential property to develop new kinds of soundness proofs.

4.1 Uniform Predicates

Given a camera M, we define the COFE UPred(M) of uniform predicates over M as follows:

M 22 sProp £ & : M ™% sProp. Va, a,b.a < b= &(a) é P(b)
UPred(M) & (M === sProp)/E
&=V 2VYp,a.8€V(a) = (B €P(a) <= B V(a))

PEVEYB<a,a.6€V(a) = (BeDP(a) « B € ¥(a))

The reader can think of uniform predicates as monotone, step-indexed predicates over a camera that “ignore”
invalid elements (as defined by the quotient).

UPred(—) is a locally non-expansive functor from Camera to COFE.

Given an OFE T, an type A, uniform predicates P, Q) : UPred(M) and a predicate ¢ : A — UPred(M),
we define the following logical connectives on uniform predicates:

t:Tu:g—>o¢»—>tgu
False £ _+— _ > False
True £ _— _— True

AL

PANQ=a—a— PaaNQax
PvQea—a— PaaVQax
P=Q2a—a—V3bB2aragsbABeV(D)=PaB=Qaf
Ve:Agr2a—s amVo: A (¢pr)aa
dr:A¢r=ar a3z A (¢pr)aa
P*Qéa}—)ar—)ﬂbl,bg.a%bl~62APb1aAQb2a
PxQ2ara—Vp8bBarBeV(a-b)=PBb=QpB(a b)
Oown(b)Zar—a—b=la
V() = _+— a— ac V()
OP2aw— aw— Plada
BP2 _—ar Pea
pP2a—a—V3<a. Pap
BPLa—a—Vp,d.02aNBeV(a-d)=Tb.BcV(b-d)APbB
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4.2 Deduction System
Uniform predicates give rise to a logic P - @, the base logic, defined by:

PFQ2Va,a.a€V(a) = Paa= Qac

Laws of intuitionistic higher-order logic with equality.

Cut Eo
Asm REFL
Pr FR : T — UPred( M P ot PFHt=
PP @ @ ¢ — UPred(M) ¢ rt Truett=;1¢
PHR Pk ou
1E B Al AEL AER VIL
PFQ PFR PFQAR PFQAR PFQ
False - P P True
PFQAR PFQ PFR PFQVR
VIR VE =1 =E
PFR PFR QFR PANQFR PFQ=R PFQ
PFQVR PVQFR PrQ=R PFR
VI VE
¢: A— UPred(M) Vr:A Pk ox ¢ A — UPred(M) PEVr:A ¢z r: A
PEVr:A ¢x Prox
dr JE
¢: A— UPred(M) Prox z: A Vo : A gx - Q ¢: A— UPred(M)
Pr3az:A¢x dx: A ¢z FQ
Laws of (affine) bunched implications.
*-MONO —+I-E
Trn}j*P—L}—P . P FQ Pk Qs PxQFR
FeF @ PixPyF Qi+ Qs PrQ «R
(PxQ)+*R F Px(QxR)
Laws for the plainness modality.
B-MONO
- EP-EEP
PrQ AP MP=mQ)-NEP=Q)
mRP-mQ u O B(P=QAQ=P)FP= ) Ve. AP+ RVx. P
Pro WMz PH3z. mP
Laws for the persistence modality.
[J-moNo
R OorPrFHOOP
P+Q oE MP=0Q) FOMP=Q)
—_— OPFP Ve. OPFOVe. P
OPFOQ OPAQFOPxQ

O3dz. P+3z. OP
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Laws for the later modality.

>-MONO

~ >Pxp>Q F > (P
PFQ - Vz. 5Pk o Va. P Q Ee(PrQ)

_— PP OsP-H->0OP
>PFp>Q > P b >False V (> False = P)
m-P-icmP

7 enjoys the bounded existential property 7 enjoys the bounded existential property
>3dx. P FpFalse vV 3dz. > P P(PxQ)F>Px>Q

7 enjoys the finite existential property
>(PVQ)F>rPV>Q

Laws for resources and validity.

Own (a) * Own (b) 4+ Own (a - b) Own (a) -
Own (a) = OOwn (|a|) V(a-b)
True = Own (¢) V(a)

7 enjoys the bounded existential property
>Own (a) - 3b. Own (b) A>(a = b)

Laws for the basic update modality.

UPD-MONO

. P Q UPD-INTRO UPD-TRANS UPD-FRAME

BPFBEQ PP BEEPEHBEP Q«BPFBEQxP)
UPD-UPDATE

a~ P UPD-PLAINLY

Own (a) - & 3b. P b A Own (b) EmPFP

The premise in urp-UPDATE is a meta-level side-condition that has to be proven about a and P.

4.3 Loss of Later Commuting Rules

When using transfinite step-index types (which necessarily refute the bounded existential property, as
proved in Section 2), we lose the following rules compared to finite Iris:

(1) the later modality commutes with separating conjunction: >(P * Q) k> P x> Q

(2) for infinite types X, the later modality commutes with existential quantification: >(3z : X. P) F 3z :
X.>pP

(3) the later modality can be pulled down under ownership: > Own (a) = 3b. Own (b) A>(a = b)
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In finite Iris, rule (3) is merely used to derive another rule which is still directly provable in the model
for transfinite index types, so that its loss is negligible. On the other hand, the loss of (1) and (2) is more
serious: these commuting rules are frequently used when opening invariants (which provide the invariant
under a later) in the Iris program logic.

However, we can in fact prove that there is no model validating both the existential property, the usual
rules for later necessary in a step-indexed logic, and (2).

Lemma 1. There is no sound step-indexed logic = which has
« a later operation which is sound in the sense that - > P implies - P,
« Lob induction (if > P = P, thent- P),
« later existential commuting (2),
« and the existential property.

Proof. We derive a contradiction by assuming that the first three assumptions hold for the logic and refuting
the existential property for N.

We claim that there exists n : N such that - >™ False. By applying the existential property, we can prove
In : N. " False in the logic.

By Léb induction we may assume > 3n : N. b" False. Now we use later existential commuting (2) and
have 3n : N. >>" False. We obtain n : N with > False. We may pick n + 1 as the witness and are done.

It remains to show that - >” False contradicts soundness, i.e., we prove - False. We do an induction on
n. In the base case, the claim is trivial. In the successor case, we use the assumed soundness of later and are
done. O

Since separating conjunction is defined using existential quantification for splitting the resources in our
model, it is not very surprising that our model also does not validate it.

4.4 Soundness

Traditionally, the soundness result of the base logic of Iris is stated as consistency:
True I/ (>)"False

where ()" is short for > being nested n times. Compared to the standard formulation True I/ False of
consistency, the idea is that it should be impossible to derive a contradiction below the modalities. For (J and
M. this follows from the elimination rules. For updates, we use the fact that |= False - >l False - False.
However, there is no elimination rule for >, so we declare that it is impossible to derive a contradiction
below any number of laters. The traditional soundness theorem does not cover True I In.(>)"False as
True - 3n.(>)"False is provable in finite Iris.

4.4.1 Satisfiability and Validity

In the following, we pursue a different approach to proving soundness and adequacy results. Instead of
stating a single consistency theorem, we develop a modular framework for proving soundness and adequacy
results. Given the framework, it is trivial to derive True I/ (>)"False, for example, as a corollary.
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To this end, we introduce the meta-level notions of valid and satisfiable propositions. A uniform predicate
P : UPred(M) is said to be valid, if it is true for all step-indices and valid resources. It is said to be satisfiable,
if for every step-index there is some valid resource for which the proposition is true.
valid(P) £ Va,a.a € V(a) = Paa
satisfiable(P) £ Va. 3a.a € V(a) APaa

Lemma 6. Let ¢ be a meta level proposition embedded into Iris. If valid(p) or satisfiable(y) where ¢ : Prop,
then o holds.

Satisfiability vs. validity. Any valid proposition is satisfiable, but not vice versa. Satisfiable propositions
are valid, if they do not care about the resource, i.e. they are plain. Validity can be expressed internally in
the logic as True - P whereas we are not aware of an internal notion of satisfiability.

valid(P) satisfiable(ll P) )
o —_— valid(P) <= Truet+ P
satisfiable(P) valid(P)
Satisfiability and validity share many of the same properties®. Let pred € {satisfiable, valid}.

pred(P) PHQ pred(> P)
pred(Q) pred(P)

pred(P V Q) 7 enjoys the finite existential property
pred(P) V pred(Q)

pred(3z : A. px) 7 enjoys the small existential property A is small
Jz : A. pred(¢ z)

Satisfiability admits an elimination rule for updates on the global resource:

satisfiable( = P)
satisfiable(P)

Validity does not admit this rule since it requires the predicate P to hold for all global resources. For

example, the update might allocate some resource which is then required to be contained in the global

resource by P. Thus, the proposition P would not be valid as it is not true with the empty resource .
Validity admits rules for combining uniform predicates such as:

valid(P)  valid(Q)
valid(P * Q)

which can be derived from the rules above. Combining satisfiable propositions is usually harder since they
might be satisfied by different global resources.

8We have only mechanized the properties of satisfiable since those are the properties we use in adequacy proofs.
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4.4.2 Compositional Soundness Results

We demonstrate the use of valid and satisfiable by proving three soundness results, the original formulation
of consistency, a stronger notion of consistency which relies on transfinite step-indexing, and an adequacy
theorem for a simplified version of the weakest precondition. The examples demonstrate how we can
derive soundness results compositionally: we first prove rules along the lines of the rules shown above
and then, we derive the desired soundness result by successive application. These specific examples are
not mechanized: their purpose is only to illustrate how we obtain compositional adequacy and soundness
proofs using the two notions. (We will see actual adequacy proofs with satisfiable in Section 9.3.) For the
last two examples, we assume that the step-index 7 satisfies the small existential property and hence also
the finite existential property.

Traditional consistency. Recall that the traditional formulation of adequacy is True I/ (>)"False. We
first prove an elimination rule for the derived modality (>)™ and obtain the consistency result as a corollary.
Lemma 7. Let pred € {valid, satisfiable}.

pred((>)" P)
pred(P)

Proof. By induction on n. For n = 0, the claim is trivial. For n > 0, we have by assumption pred(>(>)""1 P)
and thus pred((>)"~! P). The claim follows by induction. O

Corollary 1 (Traditional Consistency). True I/ ()" False
Proof. By way of contradiction assume True F (>)"False. Thus valid((>)"False) and hence valid(False)

by Lemma 7, a contradiction by Lemma 6. O

Transfinite consistency. Recall that the traditional consistency theorem does not cover True I/ In.(>)"False
as True - In.(>)"False is provable in finite Iris. In the transfinite version of Iris, we can also prove this
stronger consistency theorem. That is, we can prove True I/ ¥ False where > P 2 3n. ()" P.

Lemma 8. Let pred € {valid, satisfiable}.
pred(>* P)
pred(P)
Proof. Let pred(>* P). Then pred(>" P) for some n : N. The claim follows by Lemma 7. O
Corollary 2 (Transfinite Consistency). Truet/ >* False
A simplified weakest precondition. We demonstrate the compositionality of the approach by prov-

ing adequacy of a simplified version of the weakest precondition. The actual definition of the weakest
precondition, which is used in the definition of Hoare triples, can be found in Section 9. We define’:

wp v {¢} £ ¢v

wpe{p} 2 (3. e~ e)AVe. e~ e = B wpe {¢} where eis not a value

9The modality b¢ is contractive which makes it possible to define the weakest precondition using the fiz operator given by
Banach’s Theorem 1.
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where we assume ¢, ¢’ range over expressions of some language, v over values of that language, and e ~ ¢’
denotes a single, small step in the operational semantics.

In the following, we prove adequacy of the weakest precondition. That is, we prove that if one can
prove True F wp e, {¢} and further e; ~~* e, then e; is a value or there is some e} such that e; ~ e}.
In general, we obtain a compositional proof of adequacy by proving soundness results for the modalities
used inside of the weakest precondition and then using those results to obtain soundness results about the
weakest precondition itself. We already have soundness results for = P and >* P which means we can
proceed to derive soundness results for the weakest precondition itself.

Lemma 9.
WP-SOUND-STEP WP-SOUND-STEPS
satisfiable(wp e {¢}) e~ e satisfiable(wp e {¢}) e~*¢
satisfiable(wp ¢’ {¢}) satisfiable(wp ¢’ {¢})
WP-SOUND-PROGRESS
satisfiable(wp e {¢}) e is not a value
satisfiable(Je’. e ~ ¢')
Proof.

1. WP-SOUND-STEP. Since e ~~ €', we know e is not a value. Thus, we have:
satisfiable((3e’. e ~ €/) AVe'. e ~ ¢ = Eb¥ wp € {¢})

and hence satisfiable(Ve/. e ~ ¢ = % wp ¢/ {¢}). We obtain satisfiable(=5>% wp ¢’ {¢}) by
e ~~ ¢’ and thus satisfiable(>“ wp ¢’ {¢}). Using Lemma 8, we have satisfiable(wp ¢’ {¢}).

2. WP-SOUND-STEPS. By induction on ¢ ~* ¢’.

(a) Let e = €'. The claim is trivial.

(b) Let e ~~ e’ ~»* ¢/. By WP-SOUND-STEP, we have satisfiable(wp e” {¢}). By induction, we
obtain satisfiable(wp €’ {¢}).

3. WP-SOUND-PROGRESS. Since e is not a value, we have:
satisfiable((3e’. e ~ €/) AVe'. e ~ ¢ = BEb¥ wp ¢’ {¢})

Thus satisfiable(3e’. e ~ ).

We can now derive an adequacy theorem for the simplified weakest precondition:

Lemma 10 (Simplified Adequacy). If True - wp e, {¢} and es ~~* ey, then e, is a value or there is some ¢,
such that e; ~ e}.

Proof. By assumption, we have valid(wp e {¢}) and thus satisfiable(wp e, {¢}). By Lemma 9, we have
satisfiable(wp e; {¢}). If e; is a value, the claim follows. If not, then we have satisfiable(3e}. e; ~~ e}).
Thus, there is some e} such that e; ~~ €} by Lemma 6. O
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5 Recursive Domain Equation

We will use UPred as the basis for a step-indexed model iProp for Transfinite Iris, parameterised over a
resource type (formally, a camera). Importantly, in order to support higher-order ghost state, the resource
type must be allowed to depend on iProp itself. We therefore formulate the resource type as a function G
parameterised over the model and returning a camera. Thus, we need to solve a recursive equation of the
following form:

iProp ~ UPred(Res) with  Res = G/(iProp)

Formally, we can interpret GG as a bifunctor G : OFE°? x OFE — UCMRA of mixed variance, where
OFE is the category of OFEs with non-expansive maps between them and UCMRA is the evident category
of unital cameras. Composing with the UPred : UCMRA — COFE functor, where COFE is the subcategory
of OFE containing only the COFEs, our problem reduces to finding a COFE X such that

F(X,X)~X

for a functor ' : OFE°”? x OFE — COFE.
F (and G, respectively) has mixed variance to allow for recursive occurrences in negative positions. For
instance, the classic domain equation for the untyped A calculus can be formulated as

F(X™,XT)=(X" - Xx1).

In practice, we have stronger structural requirements on F’, most importantly that it is locally contractive.
These will be outlined below.

5.1 Related Work

In Iris, the solution of recursive domain equations was based on a theorem by America and Rutten [America
and Rutten, 1989; Birkedal et al., 2010]. This allows to solve domain equations where F' is of the form
F : COFE’? x COFE — COFE. Compared to the form OFE’? x OFE — COFE above, this is a weaker
requirement on F', as I’ only needs to work on COFEs. While the construction of the Iris model itself does
not require such a stronger theorem, more complex constructions like the one in Actris [Hinrichsen et al.,
2019] seem to rely on this.

In contrast to Iris, for Transfinite Iris we need to solve such domain equations over arbitrary step-index
types, not just over w. For COFEs, this is not covered by the literature.

Svendsen et al. [2016] take steps in exploring transfinite logical relations and have to solve domain
equations over w? in the process. They claim to solve domain equations of the form COFE®” x COFE —
COFE, but hinge on the misconception that non-expansive maps preserve bounded limits, in particular

Y(f: A% B)(c: bchainw(A)).f(liin cy) = liin fley)s
y<w y<w
which is not true in general. For instance, consider the definition of UPred (which also satisfies the relevant

aspects of their COFE definition) over some camera and the constant chain (T) ~~w With the function

f : UPred — UPred £ Az.z A (3n. >" L). Then f(lim,~,, c,) does not hold at w, but lim, ~,, f(c,) does.

The inverse limit that is taken in the case of limit ordinals of the form w - i for 7 € N is thus not a COFE,
breaking the proof. Luckily, the rest of their paper does also work with a weaker domain equation solver
for functors OFE®? x OFE — COFE, as they only need to solve domain equations over (some form of)
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UPred, similar to our situation. Even with this stronger requirement, their construction contains another
flaw, which we will explain below.

We note that the category-theoretic solution of recursive domain equations in a more general setting
over sheaves is well understood. ? show that for any complete Heyting algebra A with a well-founded basis,
domain equations in the topos of sheaves over A can be solved. However, as sheaves are hard to mechanise
and it does not seem feasible to use them as a model for Transfinite Iris in Coq, we need the more restrictive
setting of COFEs. COFEs over transfinite step-index types are less well-behaved than sheaves, which is
cause for some of the problems in Svendsen et al. [2016]’s proof. For instance, the category COFE does not
have limits, in general.

5.2 A Solution Sketch
Formally, we prove the statement

Theorem 2 (Solution of Transfinite Recursive Domain Equations). Let 1 be the discrete OFE on the unit
type. Given a locally contractive bifunctor F' : OFE’? x OFE — COFE which satisfies

« F'(1,1) is inhabited by xp(1 1),
« F(O,O) has unique limits of bounded chains up to limit ordinals for any O (Limit Uniqueness),
« and F(O, O) has a truncation operation for any O (Truncatability),

there exists a COFE T such that F(T,T) ~ T*.

Note that we require F' : OFE°? x OFE — COFE instead of COFE’? x COFE — COFE. It does not
seem possible to go with the weaker requirement in the transfinite case.

The two latter requirements on F’ can be understood as “regularity conditions” on COFEs. Our definition
of COFEs is quite minimal because more regularity is only used for select COFEs in the Coq formalisation
in the model construction, but the conditions are useful for solving domain equations. We give their formal
statement and an explanation below. Interestingly, they are true of any COFE under classical logic with a
choice principle.

We will now give an outline of the construction to motivate the formulation of the theorem and give an
intuitive account before delving into the technical details below.

5.2.1 Solution over w

We start with a recap of the proof over w. Thus assume a locally contractive bifunctor F' : OFE?”? x OFE —
COFE such that F'(1, 1) is inhabited. Our goal is to define X with F/(X, X) ~ X.
The key idea is to follow the step-index structure and define, for every ordinal up to w, an approximation

which will become “finer” with every step. Formally, for every i : N, a COFE X; with X; ~ F(X;, X;),is
defined by induction. X; é F(X;, X;) means that the two COFEs are (asymmetrically) isomorphic up to 1,

i.e., there are maps ¢; : X; = F(X;, X;), v : F(X;, X;) 25 X; with ¢; 0 ¢; = id and v; 0 ¢; = id. This
asymmetry does not only make sense intuitively (there should be an injection from “smaller” approximations
to “larger” approximations), but it is crucially needed later on.

For the base case, we set X := F(1,1).

10Probably, this COFE is also unique (classically), but we’d need to investigate that.
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In the successor case, we already have an approximation X; with accompanying maps ¢;, ¥;. Intuitively,
we now just apply the functor F' once, which will bring our approximation closer to a full solution as F’
is locally contractive. We set X;.1 = F(X;, X;), ¢ix1 = F(i, ¢;), and ¥ 41 = F(¢;, ;). As functors
preserve composition, the equations for the isomorphisms are easy to prove.

In the end, we have approximations X; & F(X;, X;) for every ¢ : N. In order to define X, we need

some form of limit of the X;. We do not give a precise definition in this outline, but the situation looks like
this:

X
0 1 n
~ -
Xo & F(Xo,X0) = X1 & F(X1,X1) - Xp, & F(X,,X,)

Intuitively, X should subsume every X; by an isomorphism up to 7, as we want to define an isomorphism
X ~ F(X, X) by “lifting” the “bounded” isomorphisms X; ~ F(X;, X;). A first approach to achieving this
is to set X as [ [, y X (with pointwise equality) or equivalently (due to the isomorphisms) as [ [, F'(X;, X;).
Choosing one over the other does not make a fundamental difference, but the latter will make the presentation
a bit simpler later on. Defining maps p; ., : X SN F(X;, X;) is trivial with this definition as we can just
project out. However, this simple choice does not allow us to define inverse maps F'(X;, X;) = X, yet, as
we somehow need to turn an element x : F(X;, X;) into elements of F'(X;, X;) for every j.

It turns out that we need more structure between the X; for this. Namely, we can define embedding-
projection pairs e; ; : X; = Xjandp; ;: X; 5 X fori < J,suchthate; jop; ; = id and p; joe; j = id.
The definitions proceed by inductively composing the maps ¢;, 1;.

With this, we can define maps e; ., : F(X;, X;) =X, Proving that e; , inverts p; ,, is not yet possible,
however: when using p; ., on x : X, we throw away all but the i-th component of z; in order to accurately
restore the other components by using the e; j, p; ; maps, some form of coherence is required for the
elements of X. Therefore, we define X by “slicing out” the elements of the product [[, , F(X;, X;) for
which the components are coherent, i.e., Vi, j.p;11 j+1(2;) = ;. We call this an equalisation property,
referring to the underlying category-theoretic notion of equalisers. Then, defining e; ., and proving that it
is well-defined, i.e, that its image satisfies this coherence, requires that p; ; o e; ; = id, motivating the
asymmetry in our notation ~.

Next, we define X ~ F(X, X). As we have X; ~ X, we consequently get F(X;, X;) ~ F(X, X). For
defining v : F(X,X) ™ X, it is therefore possible to just map down to each component individually.
The converse direction ¢ : X —» F(X, X) is more difficult: we can define a map into F((X, X) for each
component individually and, for each z : X, the resulting sequence of elements in F'(X, X) will form a
chain, of which we can take the limit (as F(X, X) is a COFE).

This finishes our outline of the essential parts for the w case.

5.2.2 Additions for Transfinite Index Types

The most obvious change in the transfinite case is that we also need to define intermediate approximations
Xpg at limit ordinals 3. Conceptually, the construction for this is quite similar to the final limit of the
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proof for w, but we use the bounded limit operation for defining the map X3 X F(X 8, X ). A difficulty
with proving the bounded isomorpisms here is that bounded limits of chains are potentially sensitive to
“differences” of the chain’s elements at indices > § which are not interesting when defining the -th
approximation. We would like to make such differences irrelevant and eliminate all interesting behaviour
above index S. In principle, there are two available choices here:

« we make the limit operations ignore such differences, that is, for any two chains ¢, d : bchain,, if
Cy L d- for any v < a, then lim,, «,, ¢, = lim,+, d, (strongly unique limits).

 we completely remove such differences above (3 at the OFE level, i.e., setup Xz such that for all

z,y:Xg,x 2 y < = =y (truncate Xz at index [3).

The first approach is taken by Svendsen et al. [2016]. Their proof goes wrong, however, as they again rely
on non-expansive maps preserving bounded limits in setting up ¢, ¢ in the limit case. It does not seem
clear how to fix this, except for going with the second approach (truncation) which eliminates unwanted
differences at a much more global level. Thus, we take the second approach.

Another difficulty lies with the fact that COFEs now need to be equipped with bounded limit operations.
It turns out that this is quite problematic for “slicing out” elements of a COFE, for instance by forming
dependent sums. In practice, it seems like the best we can achieve is to make the limit approximation
Xp a “lower-bounded COFE” in the following sense: it only has limit operations for chains which go at
least up to ¢. If a chain is too short, then it does not seem possible to prove that that the limits of chains
whose elements live in X are again in X, satisfying the equalisation property. Svendsen et al. [2016]
wrongly used that non-expansive maps preserve bounded limits here. However, by restricting to functors
F' : OFE’? x OFE — COFE, we can just turn the OFE X; into a COFE again by applying F’ to it.

Finally, the structure of the induction becomes considerably more complicated: as we need to have
the maps e; ;, p; ; defined to use the inverse limit construction in the limit case and to even state the type
of e; j, we need to know X; and X, these must be defined simultaneously to the types X;. In contrast,
for the w proof this is not necessary as the inverse limit only has to be taken once at the very end and
thus this can be split up over multiple recursions. Simultaneous definitions of types and maps/properties
on them are possible in enclosing type theories featuring induction-recursion principles [Dybjer, 2000].
In type theories without native support for this, considerable effort has to be taken to encode “small”
induction-recursion'! [Hancock et al., 2013].

5.3 Preliminaries

In the following, we setup some basic definitions and prove important lemmas before delving into the
details of the proof. Let us fix a step-index type Z for the rest of this section.

We use the notation A ~ B to denote that two OFEs A, B are isomorphic up to a, ie., there are
non-expansive maps f : A —» B, g : B — A which invert each other up to a, meaning f o ¢ = id and

g o f = id. If the stronger equality g o f = id holds, then we write A % B.
Whenever an equality in an OFE A holds for all indices < 3, we use the notation

a<:ﬁbéVa-<ﬂ.a%b.

Throughout this section, we make use of the usual notations for limits. If ¢ : chain(A) for a COFE A,
then we write lim,, ¢, for lim(c). If ¢ : bchaing(A), then we write lim,, <3 ¢, for blim(c).

11Small induction-recursion does not allow the definition of universes and is all what is needed by our construction.
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Fact 1 (Non-expansive maps preserve bounded limits in a restricted way). Suppose that f : A %% B and
¢ : bchaing(A). Then

i = im
Fliim ) < lim(f(e,))

In Section 5.1, we have already seen a counterexample showing that a stronger equality need not hold.

Fact 2 (Non-expansive maps preserve limits). Suppose that f : A ™ B and ¢ : chain(A). Then

f(lipgn ¢y) = li’gn fley).

Fact 3 (Weak Limit Uniqueness). Given two bounded chains c,d : bchaing(A) such thatVy < 3, c, X d,
. <B ;.
we have that lim, g ¢, = lim,~gd,.

Fact 4 (Limit uniqueness for full chains). Given two chains c,d : chain(A) such that Vv, ¢, L d., we have
thatlim,, ¢, = lim,, d,.

Note how these facts differ in strength between full limits and bounded limits.

Definition 1 (Truncation). An OFE A is truncated at an ordinal « if it has no interesting behaviour after

ordinal o. Formally,

truncated, (A) £ VayS.z LI min(a, ) y

This means that equality at 5 > « is just equality at «.

5.4 Additional Properties of OFEs

In this subsection, we motivate the Truncatability and Limit Uniqueness requirements of Theorem 2. It
would have been possible to choose other requirements, one of which (Strong Limit Uniqueness) is taken
in Svendsen et al. [2016]; however, as noted in Section 5.2.2, truncation seems to be the right choice. We
(constructively) prove relations between them, but classically with choice, all of these properties are trivial.

Limit Uniqueness (A1) The bounded limit of every chain ¢ : bchaing(A) is unique up to £ with this
property for every ordinal 5. Formally, if ¢,d : bchaing(A) and c, L d for all v < f, then

lim, -z c, 2 limy < d,.

One can consider a (weaker) variation (A1’) where we add the requirement that £ is a limit ordinal.

Strong Limit Uniqueness (A2) One can consider a variation of (A1) where full equality is required: if
¢,d : bchaing(A) and ¢, - d for all v < B and 3 is a limit ordinal, then lim, <5 ¢, = lim,<g d.
Intuitively, this means that the limit operation chooses a unique representative of chains for each
equivalence class of the pointwise equality relation and then takes the limit of this representative.

Truncatability (A3) Intuitively, an OFE A is truncatable if it allows to cut off all behaviour of elements after
a certain ordinal. For that, it offers a collection of OFEs [A],, such that A ~ [A],, and truncated,[A],

for every ordinal a. We use [-]% : [A], — Aand ||, : A =5 [A], to denote the two witnessing
maps.
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Truncatability «+——— Truncatability
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Limit Strong
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Uniqueness Uniqueness
Figure 2: Constructively provable relations between the OFE properties.

Proto-Truncatability (A4) This property follows the same intuition as (A3), but is more elementary. An
OFE A is proto-truncatable iff there is a (non-expansive) operation trunc, : A —» A for every ordinal
«. We require that, if = 2 1, then trunc,x = trunc,y. Moreover, x 2 truncy,x.

Intuitively, trunc implements a choice operation selecting a unique representative for each equivalence

class of <.
We have the following relations (depicted in Figure 2) between these properties:

Lemma 2 (Strong Limit Uniquness implies Proto-Truncatability). Let X be a COFE satisfying (A2). Then X
satisfies (A4).

Proof. The idea is to take the limit of a constant chain for the truncation operation:

trunc,(z) £ lim z

. . 8 . B 1
+ trunc, is non-expansive: suppose that x = y. By core-BcompL-NE, limy <o = limy < ¥

+ Suppose that = = 4. Then in particular for all v < « it holds that x L Y, so that by (A2) lim, ., x =
limy<q .
T lim, -, x holds by definition of limits.

O

Lemma 3 (Proto-Truncatability implies Truncatability). Let A by an OFE satisfying (A4). Then A satisfies
(A3).

Proof. Fix a step-index «v. Define

BN
(1>
8|
oy
=

&

<

trunc,x ﬁ trunc,y
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Here, we have used A and 7 to make clear that these are (essentially) the same types, but the equivalence
relations on top change. The most interesting part is verifying that the truncations have limits again. This
can be done by mapping a chain in [A], to a chain in A, taking the limit there, and mapping back. O

Lemma 4 (Truncatability and Limit Uniqueness imply Strong Limit Uniqueness). Assume that X is a COFE
satisfying (A1) and (A3). Then X satisfies (A2).

Proof. The key idea is to redefine the bounded limit operation. For bounded limits up to 3, we first map the
chain into [X]|g, take the limit there, apply (A1), and then map back. This yields a unique choice of limits
due to the normalisation performed by the truncation, following directly the intuition for strongly unique
limits given above: we first choose an essentially unique representative for chains and then take a limit. O

Lemma 5. Let X be a OFE. Assuming XM, PE, FE, and Choice, X satisfies property (A4).
Moreover, if X is a COFE, it satisfies (A2) under these axioms.

We also note that the non-expansiveness condition on bounded limits core-BcompL-NE is already implied
by Strong Limit Uniqueness.

Strong Limit Uniqueness is required of COFEs in the w? proof by Svendsen et al. [2016]. In principle,
our assumptions Limit Uniqueness and Truncatability are equivalent to theirs, but we have additionally
weakened Limit Uniqueness (A1) to only require the uniqueness for chains up to limit ordinals (AT’).
However, the strongly unique limits effectively need to be used to regularly truncate approximations to the
solution in the proof. Svendsen et al. [2016] use Strongly Unique Limits differently, which is cause for a
flaw in their limit case construction.

More on Truncation Consider again the “truncatability” offered by property (A3). We call [4],, the

truncation of A at «v, for an OFE A. Recall that we require A ~ [A],.

If A is a COFE, then every truncation [A], is also a COFE, and if A satisfies property (A1), (A1’), or
(A2), then also [A], satisfies it.

We can let maps between two truncatable OFEs A, B descend to arbitrary truncations. Let f : A~ B
and a, (3 : Z, then define [f]3 : [A]q = [B]s by

(15 () = LF([2]1%) -

Note that this map is again non-expansive as it is the composition of non-expansive maps.

Truncation of maps is functorial in the following sense: if f : A ™ B, g: B = C, and 7o, 71,72 : Z,
then [g o f122 2 [g]3} o []72-

It may seem peculiar that we see truncatability as an explicit property of a particular OFE. The problem
is that general (constructive) constructions like quotienting in a suitable way do not yield the properties
we need: the expansion operation [-]* will not be non-expansive in this case — we really need that the
truncations choose canonical representatives. Intuitively, one can understand this as follows: with a
truncation at « by quotienting, we just hide the behaviour of elements at larger ordinals than . What
we really need, however, is to cut off all ways to distinguish elements at ordinals larger than «, so that
expanding/mapping out of the truncation cannot restore differences at ordinals larger than o that were not
already there at .
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5.5 Proof

We now turn to the actual proof. Fix a locally contractive functor F' : OFE®’ x OFE — COFE. Moreover,
as mentioned previously, we require that for every X : OFE:

« F(X, X) is truncatable at all ordinals (A3)
« F(X, X) has unique limits at limit ordinals (A1’)

Finally, we need that (1, 1) is inhabited by an element x gy 1).

We show that there exists an (inhabited) COFE X such that X ~ F'(X, X'). Our proof roughly follows
the outline in Section 5.2, but adds in all the formal details needed for truncation, verifying the equations,
and making it a sound induction.

Essentially, the proof is by recursion on the well-founded order of the ordinal type, in a scheme which
is akin to small induction-recursion. In each step 3 of the induction, we define an approximation X g which
satisfies the isomorphism we are after up to 5 and is truncated at 5. Compared to the previous outline, we
truncate each approximation Xz at 3 in order to avoid the mentioned difficulties in the limit case. All of
these approximations will need to form a chain of which we will take the limit in the end; therefore, we
need additionally embedding-projection pairs e, 5 : X, — X and p, 5 : X5 — X, for every v < 3.
These embeddings and projections need to be inverses up to § and moreover functorial.

The embeddings and projections need to be defined in the same induction as the approximations Xz
themselves as we need them to define the approximation in the limit case — therefore, we need to take an
induction-recursion-like approach.

In total, we define the following things in each step at ordinal j3, all packed up in a dependent tuple:

X3 : COFE (IH-0)

Vy < By Xy = Xp (1H-1)

Vv < B.pys:Xp = X, (TH-2)

Dvy,8 0 €y = id (IH-3)

€y, 0 Dy,p = id (TH-4)

V0 =71 <72 = B-€yoys = €170 © Cyoom (IH-5)
V0 <71 <72 2 BProve = Pron © Py (IH-6)
o5 Xp = [F(Xp, Xp)l11s (1H-7)

¥ [F(Xp, Xp)h+s = Xp (IH-8)
Yo gp =id (IH-9)

b 0s L id (IH-10)

truncatedg(X3) (TH-11)
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If 3 is a successor ordinal 3 = 1 + /', then (IH-12)

Xivp = [F(Xp, Xp)i+s (IH-12-1)

14 = F(p, 51104 o0 (IH-12-1)

Yryp = [F(cf)ﬁ'ﬂ/)ﬂ')ﬁi};ﬂl (IH-12-111)

pprap = Ypr (IH-12-1v)

epr 1y = ¢pr (IH-12-v)

Vo < 5/-[F(€wo,ﬁ’»Pwo,ﬁf)Hif; = Ditro, 148" (IH-12-v1)

If 3 is a limit ordinal and v < 3, we have [F(e%ﬂ,pn,o,ﬁ)ﬁigo = P1470,8 © Y3 (IH-13)

Note how the dependent tuple refers to the previous approximations at previous steps of the induction,
therefore it is not so clear that this induction is sound. That is why we first consider the three cases of the
induction — the zero ordinal, successor ordinals, and limit ordinals — and only after that describe how we
can piece that together into one coherent induction where this is legal.

We quickly comment on all of these properties.

« Properties IH-0, IH-1, and IH-2 define the approximations as well as the embedding-projection pairs
between them. The embedding-projection pairs between X, and Xz are inverses up to « (IH-3 and
IH-4) and moreover they are functorial (IH-5 and IH-6).

» For the final limit construction we need that Xg is already a bounded solution (up to 3) of the domain
equation. This is stated by properties IH-7, IH-8, IH-9, and IH-10.

+ Xjg is truncated at 8 (IH-11).

« Property IH-12 captures the defining equations of X, e, and p for the successor case; IH-12-v1 is a
statement which follows inductively from the equations and which we need to carry through for the
limit case.

« IH-13 is the statement corresponding to IH-12-v1, but for the limit case.

In the statement, we use a stronger form of isomorphisms which is asymmetric, for instance, p,, , ©

€+o,v1 = td should hold instead of an equality at . While this full equality is required, in our setup L
would also suffice since X, is truncated at yo.

5.6 Base Case

First note that most of the properties we need to show are trivial as there are no ordinals below 0. The
interesting part is the definition of X, itself and the maps ¢, 1.

The straightforward approach would be to set Xo = 1, ¢ (z) £ [*p(1,1)) 140 and ¢g () £ *1. The
problem is that these are not inverses up to 0, as F'(1, 1) might have more than one element. One way to
fix this would be to make equality at O trivial in the definition of OFEs (as is done by Svendsen et al. [2016]).
Instead, we essentially apply the functor one more time and use that it is locally contractive, thus “shifting
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by one ordinal”. This leaves us with the following definitions:
Xp=1
Xo = [F(X0, X0)]o
0y X§ = Xo 2 A [*p1,1))o
Vot Xo = X2 Mk
o+ Xo = [F(Xo, Xo)li+o = [F(¢h, ¥0)]1 40
Yo : [F(Xo, Xo)l1+0 =+ Xo £ [F (5, ¢0)]p ™

(1>

As ¢, and 1), are inverses for all vy < 0 (vacuously) and F is locally contractive, ¢y and 1y are inverses

up to 0.

5.7 Successor Case

Suppose that we have a solution up to /3, featuring in particular an approximation X 5 and maps ¢ : X5 —
[F(Xg, Xp)]1+5 and ¥p : [F(Xg, Xp)]145 — X which are inverses up to 3.
We then go on to define:
Xi4p = [F(Xp, Xp)l145
G148 Xivp = [F(X118, X118)14148 = [F(wﬁa%)]ﬁfw
Urp  [F(X1ps X1y p)is14s > Xias 2 [Flop, )15 "

Compared to the previous outline, we have just added the truncations. Again, as F' is locally contractive
and ¢g, g are inverses up to 3, these are inverses up to 1 + f3. Specifically, we have

G146 0 V145 = [FWg, 017, 5 0 [F(d5,0p) 1T 57

1+8 1+1
= [F(¢pobp, ¢po W)hLig
1+8 ;. 141 1+1+48 .

= [d]1i1ig =i

and

Yiis0611p = [F(os,vp)li15" o [F(vs, 88111, 5

"2 [F(ys 0 g, 5 0 e

2 i) 5 '

For the latter property, "0 is in fact equivalent to full equality as X g is truncated at 1 + .

We can now already show properties IH-11 and IH-12-1 - IH-12-111, which follow directly from the
definition.

Next, we tackle the embedding-projection pairs. We assume that we have e, -, : X, — X, and
Doyt Xy = X, for v9 < 71 =< 3 available by induction and that these satisfy IH-3 and IH-4 (inverses)
as well as IH-5 and IH-6 (functoriality). Thus, we just have to add the maps e; j, p; ; where j = 1+ f.
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bp foryo = 3
pgoey, s foryy <p

A
€v0,14+8 =

As the functions used in both cases are non-expansive, it is clear that e is non-expansive.

Vs for vo = 8
Pro,s 0¥ foryy <

L
Pryo148 =

We can now verify properties IH-3-1H-6. First, we prove that p., 143 © €+,,143 = 4d (IH-3). This is by
case analysis on yg = 3 or 79 < (. Both cases are straightforward to check as p., 5 © e+, 3 = id and
Ygopg = id.

Next is €4y,14+8 © Dyo, 148 2 jd (1H-4). This follows again by a case analysis and the inductive hypothesis.

The functoriality facts IH-5 and TH-6 follow similarly from the definition and the inductive hypothesis. It
remains to prove the rather technical facts IH-12-1v, IH-12-v, and IH-12-v1, since IH-13 holds vacuously as
1+ B is not a limit ordinal. IH-12-1v and IH-12-v hold straightforwardly by the defining equations. TH-12-v1
is by far the most complicated equation:

1+
Vo < 5'[F(6V0”37p"/0,5)]1+50 = P1+~0,148-

We do a case analysis on 1 + v9 = B or 1 4+ ¢ < 3, along the definition of p14~, 144:
+ If 1+ 70 = B, We prove [F(€4q, 1440 Pro,1+40) 1440/ = Y14, by definition of p_14 5. By IH-12-1v
and IH-12-v, we can rewrite the LHS to

1+1+
[F(¢WO ) ¢'Yo)]1+fyo = wl-‘r’yo'
With IH-12-111 we are then done.

« If 1+ 79 < B, we show [F(e,m’g,p%ﬁ)]}ifo = Pi4n,8 © ¥ by definition of p 14 5. Our goal is to
apply the inductive hypothesis. For that, we distinguish whether f is a limit ordinal or a successor
ordinal 3 =1+ 3.

— Incase 3 is a limit ordinal, the statement that we need to prove is exactly the inductive hypothesis
1H-13.

- If8 =1+ 3, we show

1+1+4
[F (€148 Pro48) 1 e = Plimoits © Yitp

Due to truncation, it actually suffices to show the equality up to 1 + v < /.

14148’

[F (67071+ﬁ'7p70,1+5’)]1+70 | functoriality
146" 145 1+1+68'
= [F(eyo,ﬁﬂp'yo,ﬁ’)]ligo e} [F(eﬁ’,1+ﬂ’,pﬁ’,1+ﬁ/)}1iﬁfﬁ | IH-12-1v, IH-12-v, IH-12-v1
=p1 0,14 © [F (b, 0 )i L5 | TH-12-11

=D1+470,1+8 © Y145
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5.8 Limit Case

Finally, we dicuss the limit case. This case is the most critical one. Assume that £ is a limit ordinal and we
already have approximations for all smaller ordinals v < 3; in particular, that we have the embeddings and
projections €, v, , Pyo,y forall vo < v1 < B.

As in the case for the 0 ordinal, we proceed in two steps by first defining an approximation X ;3 which
is a solution up to < 3 and then applying the functor F' once more to obtain the final approximation Xg,
using local contractivity.

5.8.1 Step 1: Pre-solution

Essentially, we need to take an inverse limit of all the previous approximations X, for v < 3, as shown
graphically in the outline. We do this in a slight variation, which is however equivalent. Namely, define

1+
X,Zi’ £ Y H [F(X’WX"/)h-‘r"/'v’YO =mn= ﬁ"r’)’o = [F(e’YO7'Yl’p707’Yl )]1110 (xwl)
v=B

as a dependent sum where the predicate “equalises” the components of the product. Hence, for every = : X,
we have

V’YO < st = ﬁ'm’yo = [F(e’yoﬁh’p’yo,’h )]iizé (‘r’Yl)' (LIM'EQUALISE)

In the definition, we first apply the functor one more time before taking the limit. We could also directly
take the limit and then do this application later when defining the maps ¢z and 1)3. Morally, due to
inductive hypotheses IH-12-1 and IH-12-v1, [F'(X, X )]14~ is X14 and [F(e%m,p%m)]ﬁ% (@, ) is just
P1tro,1471

We use the notation z, = 72 for projecting out a particular component of the limit. Equality on X /’3 is
defined point-wise. For x, y : X{'j, x = y is equivalent to Ty = yy forally < 8.

Note that X é is truncated at § as its components are truncated at some v < .

We make the crucial observation that X/, does not seem to be a COFE: if we have a bounded chain of
elements (c, ), and we take the limit point-wise, then the limits will not necessarily fulfill Liv-souaLise
again. The critical case is when o < 3: then we need to show that

. 1+ .
() = e pro ) (e )

for 79 < 71 < [, assuming that this holds for each element of the chain c. By truncation, it suffices to show
this equality at o. If 8 < o (implying 79 < «), we can just make use of the fact that lim -, ¢, L Cy,, but
if o < 79, we cannot reduce this equation to the components of the chain.

It does not seem clear how one could define the limits differently such that the conditions posed by
point-wise equality are still met. Hence, it will be important that our functor works on arbitrary OFEs!?.

12 As mentioned earlier, one can however define limits for chains of length > 3 and in this way also solve domain equations for
functors which work for such “lower-bounded COFEs”. Currently, this is not mechanised in Coq due to dependent typing ugliness. In
the case of finite index types (N), lower-bounded COFEs correspond to COFEs, such that our proof subsumes the finite Iris domain
equation solver if one assumes classical logic.
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Defining the embeddings and projections Now we can define the maps ¢/ ; : X, =X Y9

X = X,. €/, 5 needs to map into the inverse limit, hence we define it component-wise for 7" < j:

Privy,y  forl+v" <7y
A

e”y,ﬁ(x),yl =3z forl++' =~
ey ity forl4~" >~

Of course, we need to show that this is well-defined, i.e., non-expansive and the result does actually satisfy
LiM-EQUALISE in the definition of X . Non-expansiveness follows by case analysis. The equalisation needs
more case analyses, along the definition of ¢/ 3~ Most cases are contradictory and for the other ones we
need equations IH-3-IH-6 from the inductive hypothesis as well as, crucially, IH-13. Defining piﬁ 3 Is easier.

We take pl, 5(z) £ 4 (z,).
We now verify properties IH-3-IH-6.

- We have

Py3 O €l 5 =y O €y ity = Py,14y O €y 14y = id
where the second step follows by IH-12-1v.

« We use that equality on X /B is defined point-wise. So, suppose that § < 5. We show that

¢35 (Ph,57)5 = @5
A case analysis along the definition of €/, ; is required. All of the cases follow relatively directly using

the properties from the IH, in particular IH-12-1v, IH-12-v1, and IH-3-IH-6, as well as Lim-eQuaLise. For
the case that y < 1 + J, another case analysis on the relation of y and ¢ is helpful.

+ We show that 6’70”8 = ¢, 50 €y foryp < 71 < B. We use point-wise equality and make a case
analysis on the relation of 1 + v, o, and ;. All of the cases are straightforward.

* Py 5 = Prom © P, 5 follows directly using equalisation and functoriality.

Defining the bounded isomorphisms Finally, we can turn to the interesting part: defining ¢ : Xj =

[F(X5, Xp)]p and ¥+ [F(XG, X)]s = Xj;. As we will see below, we could not define these maps
between X7 and [F'(X}3, X}5)]1+4, so the two-stepped definition of X5 (where we first truncate at ') really
seems to be necessary.

For w’ﬁ, we take

Uha), 2 [F(E) 5,04 )N (@),
following the idea of lifting given in the outline. Well-definedness is easy to check.
@3 is more complicated: we can easily map from each F'(X,, X) into F'(Xj, X}3), but this needs to be

done for all components simultaneously in order to obtain that 1/1,’8 and (% are inverses up to < (. The only
possibility here is to take a limit in [F'(X}, Xj)]s.

Sy(a) 2 P, g 5)]5 (27)

Proving that this is well-defined is quite instructive and sheds some light on where we need some
properties.
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« First of all, we need to prove that this is actually a bounded chain. So let v/ < v < /3 be given.

’

[F(ply vy )5 (27) | LiM-EQUALISE

[F(p LT (F (e s pyr )1 ()

B F ey 0y gl 50y )15 () | IH-3-TH6
ZIF(, 5,1, 4)] 5 ()

where the last step requires functoriality and that e, -, p,/ -, are inverses up to y'.

« Now we show that the map is non-expansive. Suppose that x,y : X} satisfy z = 4. We show

. 1+ a .
Y [P 5 €4,)]5" (24) = B[P (D) 5, € )] (9):

Do a case analysis on the relation of « and 5. If a < 3, then it suffices to show

1
[F(p:x,ﬂv 6;,,8)]ﬂ+a(x06) = [F(pa B € B)] “(Ya)s

which is straightforward as the involved maps are non-expansive.
In the case that o = 3, we use truncation at /3, so that it suffices to show'?

. ’ ’ 1+~ E . / / 14~
"lflillli[F(p%ﬁve%B)]B (z4) = 'lylgflﬁ[F(p%ﬁ’e’y,B)]B (%)-

By applying Limit Uniqueness (A1’), we can then reduce this case to the previous one.

Next, we prove properties IH-9 and TH-10. We start with an auxiliary fact needed for IH-9, essentially
stating that, for an element of the inverse limit, projecting out the 7'-th component, expanding back to
an element of X}, and then mapping back down to an element of X, is the same (up to ') as directly
projecting to the y-th component.

Fact 5. Forvy,7' < 8 andx : Xj, we have

’

1+ 7
[F(Pfy’,ﬁ o 6’7,5,19’%;3 S e/%ﬁ)]Hz (z4) =z,
Proof. Case analysis, Lim-EQuALIsE, and properties of e, p. O

» For IH-9, we show ¢}; o ¢; = id. By point-wise equality and truncation of the y-th component at
1 + v, we show

i 14+ 1+y
[F(elmﬂ’plmﬂ)]?—i—v(n}}%w(piﬂ,ﬁ’ e plls | (y)) = Ty
Now we use Fact 1 to move the map inside the limit, which we can do as 1 + 7’ < 3 (since § is a
limit ordinal).

Here is the point where truncating the OFEs explicitly pays off: due to the truncation, we can actually
move the map inside the limit. Svendsen et al. [2016] do not truncate their OFEs and despite that

13 At this point, truncating F'(X 23, X b) at 1 + 8 would break without strong limit uniqueness.
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(mistakenly, as we showed above) use this commutation property. It does not seem clear how just
Strongly Unique Limits could help here without using them to truncate the OFEs (i.e., in a more
“direct” way).

1 [P 5.8 )y (P 50 o)) (2)) | Fact 3, composition

<B ;. !
= lim [F(py g 0 ey 5,950 e sty () | Facts 3,5

<B ;.
= lim z, | coFE-BCOMPL
v =B

= x,y
All the & equalities are in particular =t equalities, since v < /3 and (since S is a limit ordinal)
therefore also 1 + v < S.

+ We can only prove a weaker version of property IH-10 for this preliminary definition:

; <B

dyous Lid
Again, we use weak limit uniqueness (Fact 3).
. 1+

yi%[p(p;ﬁ, e s ([F(E) 5.7y 5))1 1 (@) | Fact 3, IH-5, IH-6
<B . ’ / / / B
= A1/1<I%[F(e,yﬁ opl 5,€y 0Py )]5(T) | Fact 3, TH-3, IH-4
<B ;.
= hnéx | corE-BCOMPL

v
<B
=z

The last step is what prevents us from proving an equality at /3, even though we could use the assumed

limit uniqueness to make the previous steps hold at L

Finally, we show that this preliminary solution satisfies property IH-13:

[F(e 5,00 o)1 1y = Py 5 © U

The proof is mostly straightforward and uses truncation, IH-10 which we just proved, Lim-eQuaLise, and
some of the inductive hypotheses.

5.8.2 Step 2: Full Approximation

In the previous subsection, we have defined an inverse limit which is already close to satisfying the
requirements posed by the inductive proof, but falls short in three places: first of all, the maps go into
[F(Xé, Xé)}/g, truncated at 5 (not at 8 + 1); secondly, ¢’ﬁ and 1/)2, are only inverses up to < [3; finally, X’ﬁ
isn’t even a COFE.
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We fix this in a similar way as for the base case, essentially by applying the functor F’ one more time.
Xp 2 [F(Xg, Xp)]s
¢s: Xp = [F(Xp, Xp)l14s 2 [F(v, 08)]1 44
U [F(Xp, Xp)l14s = Xp 2 [F(g,v5)]5"

One can directly see that now, ¢z and 15 are inverses up to 3 as [’ is locally contractive. Next, we lift
the embedding-projection maps:

e Xy Xg 2 gpoe g
Py Xp = Xy 29l g0

These are trivially inverses and functorial as required. To close the proof, property IH-13 needs to be shown:

14
[F(ev,ﬁap'y,ﬁ)}uf = P14+, ° VB

This follows from the preliminary version of TH-13 which we showed in the previous subsection.
Property IH-12 only applies to the successor case and thus need not be shown. Truncation IH-11 holds
by our definition of Xg.

5.9 Deriving the Final Isomorphism

Now, assume that we have an approximation for every ordinal 3 available, as well as proofs that these are
bounded solutions of F" up to 8 (witnessed by ¢3, 1g), and additionally embeddings/projections between
all of them.

We now derive the full solution and isomorphism by taking a limit of these approximations. The
construction is very similar to the limit case.

X £ Y H[F(X’WX’Y)]PF’Y'V’YO = V1&g = [F(e'YOy'Yl7p’Y0g'Yl)]%izll)(x'Yl)
ol

Define embeddings and projections as follows:
ey Xy o X
Pty forl+9 <7
ex(z), = = forl++" =~
€y 14y forl4v" >=v
Py X 55 X, 2 A, ()

We can, similarly to the limit case, show that these are functorial and bounded inverses.
More interesting is the definition of the maps ¢x : X —» F(X,X) and ¢y : F(X,X) = X which is
slightly different as we take an unbounded limit and do not have the truncation.

¢x () & m F(py, e;)[2,]""

Vx (@), = [F(ey, py) (@) ] 14+
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We verify that these form an isomorphism.

ox(Yx(z)) = li?F(pvv ey ) [LF(ex, py) (@) 147117 | Fact 4
= li’gn F(ey 0 py, ey 0py)(2) | Fact 4, TH-3, TH-4
= liﬁnx | coFE-compL
=z,

using Fact 4 to rewrite inside the limit.

Vx(¢x(z)), = LF(efy,p/v)(hﬁnF(pw67)((%1””)”1”’ | Fact 2
= h,?lLF(efyvpfy)(F(p'yv ey)([2+] ) 1+ | corE-compL
= LF(evav’)(F(lervUel+7’)([$1+7’11+1+7/)” 14/

In this last step we have equated the limit to its 1 + 7'-th component and used truncation at 1 + 7’ to get
full equality. Using functoriality, we get

F(ew’aI7~y’)(F(pl-&-v’ael-‘rv’)(|—351-i-7’—|1+1+’Y ))JH—W’

|
=[F(eys Dy ) (F (D147 © Pyt €47 0 €1 14 ) ([1409 1)) J 1y | functoriality
=[(F(Pyr 14 0 Pyr © €41, Dy7 0 €57 0 €1 1) ([214 1)) 14 | IH-3, IH-4
=[F 0y 1447 €109 ) ([0 1) 14y | LIM-EQUALISE

=Ty

In the second step, we have used that F is locally contractive, so that we get an equality at 1 + ' from
P~ , €4 being inverses up to . The last step holds by the equalisation property Lim-eguarise of the inverse
limit X.

To conclude the proof, we have to show that X is a COFE. A priori, this again need not hold as COFE
does not, in general, have limits. But as F'(X, X ) is a COFE and X ~ F (X, X ), we can just equip X with
limits by mapping chains to F'(X, X), taking the limit there, and mapping back.

5.10 Closing the Induction

Up to now, we have quietly assumed that we can actually define an approximation Xz and the maps
€y,8,D~,3 at the same time, having access to the X, we defined at previous steps. However, a “plain”
transfinite induction does not allow this: in the statement P : 7 — T itself, we would need access to the
inductive hypothesis (i.e., the smaller X,) to say anything about the projections e g, p+ g.

To solve this problem, we have to define a full chain of all approximations up to 3 at step (. In this
way, the statement P : Z — T we want to derive for all indices is well-defined as it need not refer to the
inductive hypothesis.

For various reasons which will become clear as we present the construction, we do not simply parame-
terise the statement over an ordinal, but over a predicate on ordinals: A : (Z — Prop) — T. Intuitively, we
can then obtain the above predicate P (3 by instantiating A(Ay.y =< 3). Formally, A p, where p : Z — Prop,
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has the following important components, where the proof components are analogous to the ones above and
therefore omitted:
Vy.pv — X, : COFE
VY0 < V1-€rom PV = DY — Xy — Xy
VY0 < M-Prors 1P Y0 = P Xy 7 Xy
VY.hy iy = Xy 7 [F(X, X1y
Vyhy 1y = [F(Xq X))y = Xy
In this setting, we can just regard the list of components given initially, which refer to previous
approximations, as an extension & : V5. A(M\y.y < §) — T which is parameterised over a collection of

approximations for all smaller ordinals. As we have seen above, in each step of the induction, we define
such an extension to the previous approximations.

We can now look formally at the structure of the “induction” given above:

« in the base case, we define Aj : A(Ay.y < 0).

« in the successor case, we assume [H : A(Ay.y < 14 ) and define ey 5 : € (1 + B) IH,
« in the limit case, we assume IH : A(Ay.y < ) and define eg : € 3 IH,

« for the final limit, we assume IH : A(M\y.T).

With this, we can now clearly see what is missing to close the induction:

« for the successor and limit cases, we need to extend the inductive hypothesis IH : A (Ay,y < ') by
the extension e : £ 8’ IH into a new collection of approximations extend IH e : A(\y.y < 5').

« for the limit case, the inductive hypothesis we assume is not what we get from a transfinite induction;
actually, our inductive hypothesis would be TH' : Vy < 8.A(A\y'.7y" < 7). We need to merge all these
approximations into one coherent one.

. after completing the full transfinite induction, we end up with the statement V3. A(\y.y < ), but
we would like to obtain A(\7y.T) to apply the final limit construction. We need a similar merging
operation as for the limit case.

The extension operation extend : Vy(4 : A (MY < 7)).E A — A (M. < ) essentially just
straps the additional approximation onto the sequence of approximations we already have. With this, we
get the following inductive steps:

As :VBAMyy <14 6) = A(Ayy 21+ P)
Alim : VB ANy < 8) = A(M\y.y 2 8) for a limit ordinal 3
Clearly, for the merging operation, we cannot just merge arbitrary approximations, but they need to

agree in some way. In the induction, we need to carry this agreement through. The idea here is that two
approximations ag : A(Ay.y < Bo) and a; : A(Ay.y < (1) must have been defined in the same way for all
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~ =< min(By, B1), as they originate from the same induction. Let this form of agreement be captured by a
predicate agree : VP P;.A Py — A P; — Prop™.
The merging operation

merge : VP(IH :Vvy.P~v — A (MY 27)) = (V0 71 Ho Hy.agree (IH o Ho) (IH v1 Hy)) — AP

takes, for every v with P , the approximation X, of IH + to define the new merged collection of
approximations. The maps e, p, ¢, 1 can then be defined canonically since all of the collections agree. We
can prove that merge preserves agreement, i.e., two pointwise agreeing chains are merged to two agreeing
collections of approximations, and the merged collection itself agrees with each of the collections of the
chain from which it was created.

We need a similar form of agreement for extensions:

eagree : VPy P1(Ag : A Py)(Ay : A Py).agree Ag Ay — Prop.

Essentially, we prove that the successor and limit case constructions preserve agreement, in the sense that,
if we put agreeing collections in, we get agreeing extensions out. They are coherent in a similar way as the
merging operation: they preserves agreement and the resulting collection of approximations agrees with
the collection we put in.

The only thing which is missing now is to prove that we can actually apply the merging operation
when we need it, that is, we need to prove that the collections we get by the inductive hypothesis agree. We
define a specification which exactly captures the structure of the induction:

spec : Vv.A (A =) — Prop
spec, : specAy
specg : V3 A.spec A — spec(1+ 3)(As A)
SpeCyy, : VB (IH : Vy.y < B = A (Mo 2 9)),
(Vv Hy.spec(IHvH.))
— (Vv0 v1 Ho Hy.agree(IH ~o Ho)(IH v1 Hy))
— spec 8 (Aiim [H (merge IH))

By transfinite induction we can prove:
Fact 6. If spec Ay and spec Ay, then agree Ay A;.

Now, by transfinite recursion we can define for every index /3 a dependent pair of type © A : A(Ay.y =< 3).specA,
using the inductive steps we considered before. In the limit case, we use the previous fact to prove agree-
ment for all approximations of the inductive hypothesis in order to apply the merging operation. By the
previous fact, all of these approximations do then agree; thus, we can apply the merge operation to obtain
an approximation A(Ay.T) as desired.

In the Coq formalisation, this last step to close the induction is setup slightly differently and the specific
transfinite induction-recursion principle is derived from a more general well-founded principle.

We remark that, while the uniqueness-based approach for closing the induction is simple and the
proofs are rather trivial in an extensional type theory, this construction is extremely technical (though

41n our extensional type theory, this just means that the common components (the components where both Py and Py hold) are
equal. In intensional type theories (like Coq’s), this says that the OFEs are equal and the maps e, p, ¢, ¢ and bounded limits agree
modulo typecasts.
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mathematically boring) and rather complicated to mechanise in an intensional type theory such as Coq’s
due to the involved equalities between OFEs (types).
This completes our description of the recursive domain equation solver.
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6 Derived Notions of the Base Logic

In this section we consider rules and definitions that were derived from the base logic in finite Iris.

As it turns out, we can retain most of them in Transfinite Iris, although some rules cannot be derived in
the presence of transfinite step-indexing. Luckily, these rules do however still hold in the model, but for
proving them we need to break Iris’ base logic abstractions. Since some of these rules rely on quite complex
derived definitions, we have not listed them as primitives of the base logic in Section 4. We leave it to future
work to find suitable abstractions for these notions to restore a proper separation into a base logic.

6.1 Derived Rules about Base Connectives

We collect here some important and frequently used derived proof rules.
Los

(>P=P)FP P=QFP=xQ Px32.Q 4 J2. PxQ PxVz.QF V2. P*Q
OP Q)4 0OP+0Q OP=Q)FOP=0Q OP Q) FOP «0Q

OP -« Q) +0(P = Q) MP=Q)F>P=pQ (P *Q)F>P =>Q True - W True

Noteworthy here is the fact that Lob induction can be derived from >-introduction and the fact that we
can take fixed-points of functions where the recursive occurrences are below > [Lob, 1955].15 Furthermore,
True - M True can be derived via B commuting with universal quantification ranging over the empty type
0. To derive that existential quantifiers commute with separating conjunction requires an intermediate
step using a magic wand: From P % Jz.QQ F 3x. P x ) we can deduce Jx. Q = P — 3x. P x () and then
proceed via 3-elimination.

6.2 Persistent Propositions

We call a proposition P persistent if P = [0 P. These are propositions that “do not own anything”, so we
can (and will) treat them like “normal” intuitionistic propositions.

Of course, [J P is persistent for any P. Furthermore, True, False, t =t as well as MQUW and V(a) are
persistent. Persistence is preserved by conjunction, disjunction, separating conjunction as well as universal
and existential quantification and .

6.3 Timeless Propositions and Except-0

One of the troubles of working in a step-indexed logic is the “later” modality ©>. It turns out that we can
somewhat mitigate this trouble by working below the following except-0 modality:

oP £ >False V P

Except-0 satisfies the usual laws of a “monadic” modality (similar to, e.g., the update modalities):

Y oVa. P - Va. o P
PHaQ EX0-INTRO EX0-IDEM O(P Q) A oP xoQ y
odx. P - dx. o P
oP I oQ PrFoP oo PFoP S(PAQ) - oP AoQ
(PV Q) oPVoQ enP Aol
o oP Vo
o>P F > P

15 Also see https://en.wikipedia.org/wiki/L%C3%B6b%27s_theorem.
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In particular, from ex0-mono and x0-1pEm we can derive a “bind”-like elimination rule:

EX0-ELIM

Pt oQ
0P oQ

This modality is useful because there is a class of propositions which we call timeless propositions, for
which we have
timeless(P) 2> P I oP

In other words, when working below the except-0 modality, we can strip away the later from timeless
propositions (using Ex0-ELIM):

EXO-TIMELESS-STRIP
timeless(P) ProQ

>PFo@

In fact, it turns out that we can strip away later from timeless propositions even when working under
the later modality:

LATER-TIMELESS-STRIP

timeless(P) PE>Q
>PF>Q

This follows from > P I > False V P, and then by straightforward disjunction elimination.
The following rules identify the class of timeless propositions:

I' - timeless(P) I' k- timeless(Q) ' - timeless(P) I' - timeless(Q)
[+ timeless(P A Q) I' - timeless(P V Q)
I' - timeless(P) I' - timeless(Q) T+ timeless(P) I' F timeless(Q)
I'F timeless(P x Q) I' F timeless(OJ P) I'F timeless(P = Q)
I' F timeless(Q) [,z : 7 timeless(P) [,z : 7+ timeless(P)

- - _ timeless(True)
I' F timeless(P — Q) I F timeless(Vz : 7. P) I' F timeless(3z : 7. P)

a is a discrete OFE element t or t' is a discrete OFE element

timeless(False ‘
( ) timeless(Own (a)) timeless(t =, t')

a is an element of a discrete camera

timeless(V(a))

The rules highlighted in blue are currently proved in the model as they cannot just be derived anymore,
where the last two rules essentially depend on the fact that pure propositions (reflected from the metalogic)
are timeless, which we currently have to prove in the model, and the rule about ownership needs to be
derived in the model due to the loss of the commuting rule of later with ownership (see §4.3). We leave it to
future work to find a suitable (minimal) set of rules that can be incorporated into the base logic to make
these laws derived again.

16The direction from left to right requires that the type over which the existential quantifier ranges is inhabited.
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6.4 Dynamic Composeable Higher-Order Resources

The base logic described in §4 works over an arbitrary camera M defining the structure of the resources. It
turns out that we can generalize this further and permit picking cameras “Y.(iProp)” that depend on the
structure of propositions themselves. Of course, iProp is just the syntactic type of propositions; for this to
make sense we have to look at the semantics.

Furthermore, there is a composability problem with the given logic: if we have one proof performed
with camera M7, and another proof carried out with a different camera Mo, then the two proofs are actually
carried out in two entirely separate logics and hence cannot be combined.

Finally, in many cases just having a single “instance” of a camera available for reasoning is not enough.
For example, when reasoning about a dynamically allocated data structure, every time a new instance of
that data structure is created, we will want a fresh resource governing the state of this particular instance.
While it would be possible to handle this problem whenever it comes up, it turns out to be useful to provide
a general solution.

The purpose of this section is to describe how we solve these issues.

Picking the resources. The key ingredient that we will employ on top of the base logic is to give some
more fixed structure to the resources. To instantiate the logic with dynamic higher-order ghost state, the
user picks a family of locally contractive bifunctors (X; : OFE® x OFE — Camera);c7. (This is in
contrast to the base logic, where the user picks a single, fixed camera that has a unit.)

From this, we construct the bifunctor defining the overall resources as follows:

GName = N
ResF(T*?, T) & H GName ™ 5T, T)
i€l

We will motivate both the use of a product and the finite partial function below. ResF(T°P, T') is a camera
by lifting the individual cameras pointwise, and it has a unit (using the empty finite partial function).
Furthermore, since the ¥; are locally contractive, so is ResF.

Now we can write down the recursive domain equation:

iPreProp =2 UPred(ResF(iPreProp, iPreProp))

Here, iPreProp is a COFE defined as the fixed-point of a locally contractive bifunctor, which exists by
Theorem 2, so we obtain some object iPreProp such that:

Res = ResF(iPreProp, iPreProp)
iProp = UPred(Res)
€ : iProp = iPreProp
¢ iPreProp = iProp
(S CHEE
@) 2
Now we can instantiate the base logic described in §4 with Res as the chosen camera. Effectively, we just

defined a way to instantiate the base logic with Res as the camera of resources, while providing a way for
Res to depend on iPreProp, which is isomorphic to iProp.

3
£
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We thus obtain all the rules of §4, and furthermore, we can use the maps € and —1in the logic to convert
between logical propositions iProp and the domain iPreProp which is used in the construction of Res - so
from elements of iPreProp, we can construct the elements that can be owned in our logic.

Proof composability. To make our proofs composeable, we generalize our proofs over the family of
functors. This is possible because we made Res a product of all the cameras picked by the user, and because
we can actually work with that product “pointwise”. So instead of picking a concrete family, proofs will
assume to be given an arbitrary family of functors, plus a proof that this family contains the functors they
need. Composing two proofs is then merely a matter of conjoining the assumptions they make about the
functors. Since the logic is entirely parametric in the choice of functors, there is no trouble reasoning
without full knowledge of the family of functors.

Only when the top-level proof is completed we will “close” the proof by picking a concrete family that
contains exactly those functors the proof needs.

Dynamic resources. Finally, the use of finite partial functions lets us have as many instances of any
camera as we could wish for: Because there can only ever be finitely many instances already allocated, it is
always possible to create a fresh instance with any desired (valid) starting state. This is best demonstrated
by giving some proof rules.

So let us first define the notion of ghost ownership that we use in this logic. Assuming that the family
of functors contains the functor 3; at index 4, and furthermore assuming that M; = X, (iPreProp, iPreProp),
given some a € M; we define:

‘a:M; £ O0wn ((...,0,5:[y<a],0,...)

This is ownership of the pair (element of the product over all the functors) that has the empty finite partial
function in all components except for the component corresponding to index ¢, where we own the element
a at index <y in the finite partial function.

We can show the following properties for this form of ownership:

RES-ALLOC RES-UPDATE RES-EMPTY
G infinite a €V, a~y, B € is a unit of M;
: - 7 - T T 7 Nk
True - 53y € G.ja: M;] la: M;i B 3beB.b: M, True - B
RES-TIMELESS
RES-OP RES-VALID a is a discrete OFE element
r———--- vy ry - —=--7 Y r— - T . 1Y r———- - vy . r———--" Y
ja: My b Myl e b My la: M = Vi (a) timeless(.a: M, )

Below, we will always work within (an instance of) the logic as described here. Whenever a camera is
used in a proof, we implicitly assume it to be available in the global family of functors. We will typically
leave the M, implicit when asserting ghost ownership, as the type of a will be clear from the context.
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7 Invariants and Update Modalities

The encoding of invariants and the definition of the fancy update modality in Transfinite Iris is unchanged
from Iris. We state the encoding here for completeness.

However, in order to alleviate the loss of the later commuting rules for separating conjunction and
existentials, which are frequently used when opening invariants, we introduce a new update modality,
logical steps, which will be used in the definition of our transfinite weakest precondition for safety.

7.1 World Satisfaction and Invariants

To introduce invariants into our logic, we will define weakest precondition to explicitly thread through the
proof that all the invariants are maintained throughout program execution. However, in order to be able to
access invariants, we will also have to provide a way to temporarily disable (or “open”) them. To this end,
we use tokens that manage which invariants are currently enabled.

We assume to have the following four cameras available:

InvName £ N

INv £ AutH(InvName fin, AG(»iPreProp))
En

(1>

p(InvName)

Dis £ o (InvName)

The last two are the tokens used for managing invariants, INv is the monoid used to manage the invariants
themselves.

We assume that at the beginning of the verification, instances named Ysrarz, Yinvvs YEx and p;s of these
cameras have been created, such that these names are globally known.

World Satisfaction. We can now define the proposition W (world satisfaction) which ensures that the
enabled invariants are actually maintained:

Invariants. The following proposition states that an invariant with name ¢ exists and maintains proposi-
tion P:

7.2 Fancy Updates

Next, we define fancy updates, which are essentially the same as the basic updates of the base logic (§4),
except that they also have access to world satisfaction and can enable and disable invariants:

CEEPEWH S wBo(Wx &+ P)

Here, &1 and &, are the masks of the view update, defining which invariants have to be (at least!) available
before and after the update. We use T as symbol for the largest possible mask, N, and L for the smallest

possible mask (). We will write =, P for 5'35 P. Fancy updates satisfy the following basic proof rules:
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FUP-MONO FUP-INTRO-MASK FUP-UPD
PrHQ & C & ?fP’Tg‘ZAéZS Es E1.E "
5 }3 Pr"'B"P EPHP.P
EI}E&PI—& 52@ prORe &ndp £

FUP-UPDATE

A a~> P FUP-TIMELESS
FUP-FRAME t | P
Q+IpT P IR g p  Own(a) F g 3b. 9(b) A Own (b) D']”;e:;(g;

(There are no rules related to invariants here. Those rules will be discussed in the following subsection.)
We can further define the notions of view shifts and linear view shifts:

P 815k82 Q A P 51952@
P 51382 Q A D(P . 51552 Q)
P=: Q%P 2% Q
These two are useful when writing down specifications and for comparing with previous versions of Iris,

but for reasoning, it is typically easier to just work directly with fancy updates. Still, just to give an idea of
what view shifts “are”, here are some proof rules for them:

VS-UPDATE VS-TRANS VS-IMP VS-MASK-FRAME
a~~>P p &inée Q Q 28 p 0P = Q) p Siné Q
[ajv =y 3b. &(b) /\}j)j’y P 51353 R P=yQ P 51@5';52@5' Q
VS-FRAME VS-TIMELESS VS-DIS] VS-EXIST
P 525 Q timeless(P) p &38R Q9=22R Va. (P 2% Q)
PxR 9% QxR >P =g P PvQ ©=% R (F.P) 922 Q
VS-ALWAYS e e
OQFP "= R VS-FALSE
PAOQ =% R False $1=%2 p

7.3 Invariant Namespaces

In §7.1, we defined a proposition L expressing knowledge (i.e., the proposition is persistent) that P is
maintained as invariant with name ¢. The concrete name ¢ is picked when the invariant is allocated, so
it cannot possibly be statically known - it will always be a variable that’s threaded through everything.
However, we hardly care about the actual, concrete name. All we need to know is that this name is different
from the names of other invariants that we want to open at the same time. Keeping track of the n? mutual
inequalities that arise with n invariants quickly gets in the way of the actual proof.

To solve this issue, instead of remembering the exact name picked for an invariant, we will keep track
of the namespace the invariant was allocated in. Namespaces are sets of invariants, following a tree-like
structure: Think of the name of an invariant as a sequence of identifiers, much like a fully qualified Java
class name. A namespace N then is like a Java package: it is a sequence of identifiers that we think of as
containing all invariant names that begin with this sequence. For example, conf . pldi.transfiris
is a namespace containing the invariant name conf .pldi.transfiris.heap.
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The crux is that all namespaces contain infinitely many invariants, and hence we can freely pick the
namespace an invariant is allocated in - no further, unpredictable choice has to be made. Furthermore,
we will often know that namespaces are disjoint just by looking at them. The namespaces N.iris and
N .gps are disjoint no matter the choice of V. As a result, there is often no need to track disjointness of
namespaces, we just have to pick the namespaces that we allocate our invariants in accordingly.

Formally speaking, let A € InvNamesp £ List(N) be the type of invariant namespaces. We use the
notation N .c for the namespace [¢] + M. (In other words, the list is “backwards”. This is because cons-ing
to the list, like the dot does above, is easier to deal with in Coq than appending at the end.)

The elements of a namespaces are structured invariant names (think: Java fully qualified class name).
They, too, are lists of N, the same type as namespaces. In order to connect this up to the definitions of §7.1,
we need a way to map structured invariant names to InvName, the type of “plain” invariant names. Any
injective mapping namesp_inj will do; and such a mapping has to exist because List(N) is countable and
InvName is infinite. Whenever needed, we (usually implicitly) coerce AV to its encoded suffix-closure, ie., to
the set of encoded structured invariant names contained in the namespace:

NT 2| 3N L = namesp_inj(N’ +H N)}

We will overload the notation for invariant propositions for using namespaces instead of names:

PN eaent [P

We can now derive the following rules (this involves unfolding the definition of fancy updates):

INV-OPEN
NCE
INV-PERSIST INV-ALLOC =

PN o > P - [P [PV E28W b Py (b P EW=KE True)

INV-OPEN-TIMELESS

NCE timeless(P)
N ESEW Py (P EW=KE True)

7.4 Non-atomic (“Thread-Local”) Invariants

Sometimes it is necessary to maintain invariants that we need to open non-atomically, for instance when
we are working in a sequential setting and do not care about functions being thread-safe. Clearly, for
this mechanism to be sound we need something that prevents us from opening the same invariant twice,
something like the masks that avoid reentrancy on the “normal”, atomic invariants. The idea is to use
tokens'’ that guard access to non-atomic invariants. Having the token [Nalnv : p.£] indicates that we can
open all invariants in £ non-atomically. The p here is the name of the invariant pool. This mechanism
allows us to have multiple, independent pools of invariants that all have their own namespaces.

One way to think about non-atomic invariants is as “thread-local invariants”, where every pool is a
thread. Every thread thus has its own, independent set of invariants. Every thread threads through all
the tokens for its own pool, so that each invariant can only be opened in the thread it belongs to. As a
consequence, they can be kept open around any sequence of expressions (i.e., there is no restriction to
atomic expressions) — after all, there cannot be any races with other threads.

17Very much like the tokens that are used to encode “normal”, atomic invariants
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Concretely, this is the monoid structure we need:

PId £ GName

NaTok £ o (InvName) x p(InvName)

For every pool, there is a set of tokens designating which invariants are enabled (closed). This corresponds
to the mask of “normal” invariants. We re-use the structure given by namespaces for non-atomic invariants.
Furthermore, there is a finite set of invariants that is disabled (open).

Owning tokens is defined as follows:

[Nalnv : p] £ [Nalnv : p.T]

Next, we define non-atomic invariants. To simplify this construction,we piggy-back into “normal”
invariants.

We easily obtain:
NAINV-NEW-POOL NAINV-TOK-SPLIT

True = Jp. [Nalnv : p) [Nalnv : p.&; W &) < [Nalnv : p.&;] * [Nalnv : p.&s]

NAINV-NEW-INV

> P =5 O Nalnv?V (P)

NAINV-ACC-OPEN-TIMELESS

timeless(P) NTce NTCF

Nalnv?V (P) % [Nalnv : p.F] F B, o(P * [Nalnv : p.F \ N] % (> P * [Nalnv : p.F \ N'T] =kg [Nalnv : p.F]))

NAINV-ACC-OPEN
NtCe NTCF 7 satisfies the finite bounded existential property

Nalnv?V (P) « [Nalnv : p.F] - B >(P * [Nalnv : p.F \ N % (> P % [Nalnv : p.F \ N1 =ke Nalnv : p.F]))

While the last two rules seem quite complicated, they essentially state the following: if we know that an
invariant on P holds, then we open it to obtain P and the other invariants. Then, if we can return P and
the assertion about the other invariants, we can restore the invariants we had intially. We note that the last
two rules differ slightly (namely in the placement of the later modality) from the rules obtained in finite Iris.

7.5 Satisfiability

We define __
satisfiable_at £ P £ satisfiable(W * (£ "™ % P)

|

=g
for a notion of satisfiability which allows us to interact with fancy updates (and by extension invariants).
The meta-level proposition satisfiable_at £ P means that P is satisfiable and the current mask is £. At
mask &, the invariants in £ can be opened. Specifically, we have the update rule:

satisfiable_at & (2% P)
satisfiable_at & P
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Apart from that, all the relevant rules of satisfiable lift to satisfiable_at £ :

satisfiable_at £ P PrHQ satisfiable_at £ (> P)
satisfiable_at £ @@ satisfiable_at £ P

satisfiable_at £ (P V Q) 7 enjoys the finite existential property
satisfiable_at £ P V satisfiable_at £ @)

satisfiable_at £ (3z : A. ¢ x) 7 enjoys the small existential property A is small
Tz : A. satisfiable_at £ (¢ x)

7.6 Logical Steps

It will be useful to have a modality which allows to perform updates, akin to a fancy update, as well as to
take steps using a later. We will call this modality logical steps.

The idea for the definition is to essentially alternate an arbitrary number of fancy updates and laters in
a careful way:.

We first define the auxiliary eventually modality which stays at one mask £ while interleaving laters
and fancy updates.

(E€)oP = e P
) (14m)P 2B pEe (6),P

(E)P 2 By Tn. (&), P

As we will never use eventually on its own, but rather use at as a component for defining logical steps,
we do not provide any rules.

For a logical step, we first open up all the invariants from a mask &, use eventually, and finally close
the invariants again, shifting to another mask &s.

=, p e apto) "Bt p
81’:>£QP 2 519@ <Q)>®E€2 P

We can obtain the following properties:

LSTEP-FUPD-LEFT LSTEP-FUPD-RIGHT LSTEP-SQUASH
£ Es & E & £ & Ex E E & & & & & &
152 2 :3P|_ 1 :SP 1 :ZQEBP}_ 1 :3P 1 :ZDP}_ 1 :ZP
LSTEPN-LSTEP LSTEPN-LATER LSTEPN-INTRO

81 gznP }_ 51 82P l>£1 gQr’LP I_ 81 82(1+H)P 51 982 P }_ 81 ; 8‘20P

LSTEPN-STEP-MONO
kl S kQ LSTEP-MONO

P+ QF =P« S ="
& ggklp = 52k2P Q = =0
LSTEPN-MONO
&1 Ea &1 &
PxQF |:> nP —* |:> n@

58



8 Languages

A language A consists of a set Expr of expressions (metavariable e), a set Val of values (metavariable v), a set
Obs of observations'® (or “observable events”) and a set State of states (metavariable o) such that

« There exist functions val_to_expr : Val — Expr and expr_to_val : Expr — Val (notice the latter is
partial), such that

Ve, v. expr_to_val(e) = v = val_to_expr(v) = e Vu. expr_to_val(val_to_expr(v)) = v
« There exists a primitive reduction relation
(—,— —+ —,—,—) C (Expr x State) x List(Obs) x (Expr x State X List(Expr))

A reduction e1, 01 R es, 09, € indicates that, when e in state o1 reduces to e5 with new state o5, the
new threads in the list €'is forked off and the observations < are made. We will write e1, 07 — €a, 09

0 . .
for ey, 01 = €2, 09, (), i.e, when no threads are forked off and no observations are made.

« All values are stuck:

e,_—t_,_,_= expr_to_val(e) = L

Definition 24. An expression e and state o are reducible (written red(e, o)) if

- " R -
dk, es,09,€.€,0 = €9,092,€
Definition 25. An expression e is strongly atomic if it reduces in one step to a value:
. A - N R .
strongly_atomic(e) = Vo1, R, €2, 09,€. ,01 — €3,02,€ = expr_to_val(eg) # L

Definition 26 (Context). A function K : Expr — Expr is a context if the following conditions are satisfied:

1. K does not turn non-values into values:
Ve. expr_to_val(e) = L = expr_to_val(K(e)) = L
2. One can perform reductions below K :
Ye1, 01, R, ea,092,€. €1,01 £>t 9,09, = K(ey), 01 it K(es),09,€

3. Reductions stay below K until there is a value in the hole:

/ — N / R N
Ve, o1, R, ez, 00, €. expr_to_val(e]) = L A K(€}),01 = e2,02,8 =

/ / / R 1 >
Jdes. e2 = K(e5) A ey, 01 =t €5,09,€

8See https://gitlab.mpi-sws.org/iris/iris/merge_requests/173 for how observations are useful to encode prophecy variables.
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8.1 Concurrent Language

For any language A, we define the corresponding thread-pool semantics.

Machine syntax
T € ThreadPool = List(Expr)

. . o
Machine reduction T;0 = 1’50’

R o
€1,01 —»t €2,09,¢€

T+ ler] H T 01 itp T+ les] H T + € 09

We use ;>:‘p for the reflexive transitive closure of —,, as usual concatenating the lists of observations
of the individual steps. For the case that we do not care about the observations, we define

- R
Ti0 = T'; 0 23R T;0 e T'50".
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9 Program Logic

We now describe how we can build a program logic for an arbitrary language as defined in Section 8 on top
of the Transfinite Iris base logic with invariants and higher-order ghost state.

Fix some language A for the rest of this section. We assume that everything making up the definition
of the language, i.e., values, expressions, states, the conversion functions, reduction relation and all their
properties, are suitably reflected into the logic.

Weakest preconditions are the core piece of the program logic, allowing us to reason about program
behaviour. We define several variations of them: first an adaption of the standard finite Iris weakest
precondition allowing to reason about safety; secondly a weakest precondition for termination-preserving
refinement; and finally, we can derive a weakest precondition ensuring termination as a special case of the
refinement weakest preconditon.

9.1 Weakest Precondition for Safety

In principle, we could leave the definition of weakest preconditions unchanged from finite Iris for reasoning
about safety: the minor changes to the base logic do not invalidate the definition. However, its usefulness
would be severely restricted when working with invariants. Due to our definition of invariants involving
higher-order ghost state, we can only get the contents of an invariant under a later when opening it. In finite
Iris, we could then use the commuting properties for later with separating conjunctions and existentials
to still directly access some timeless parts of an invariant. Many existing Iris developments rely on this
pattern for their choice of invariants.

As we have seen, we cannot get these commuting properties in Transfinite Iris. In order to mitigate this
loss, we change the definition of weakest preconditions to allow us to eliminate a finite amount of laters
in each step of program execution. Our definition will add a logical step as defined in Section 7.6 to the
definition in order to achieve that.

Defining the weakest precondition The weakest precondition is parameterized over a state interpre-
tation S : State x List(Obs) x N — iProp that interprets the execution state as an Iris proposition, and
a predicate @ : Val — iProp serving as a postcondition for forked-off threads. The state interpretation
can depend on the current physical state, the list of future observations as well as the total number of
forked threads (that is one less that the total number of threads). This can be instantiated, for example, with
ownership of an authoritative RA to tie the physical state to fragments that are used for user-level proofs.
Finally, the weakest precondition takes a parameter s € {NotStuck, Stuck} indicating whether program
execution is allowed to get stuck.

We now provide the definition of the weakest precondition, with the only change being that we change
the fancy update for opening the invariants to a logical step, highlighted in blue:

wp(S, Pp, s) = i wp_rec. \E, e, P.
(Fv. expr_to_val(e) = v A Bg P(v)) V
(exprftofval(e) = 1 AVo,R, K ,n.S(o,R+ K ,n) = ff
(s = NotStuck = red(e, o)) x Ve', o', & (e,0 3¢ ¢/, 0, &) O=p?  O®
S(o’ k' ,n+ |é]) * wp_rec(E, e’ , D) x >l< e wp_rec(T, e”,@F))

wpifp e{v. P} = wp(S, P, s)(E, e, \v. P)
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We use Banach’s fixpoint theorem (Theorem 1) in this definition. The S and @ will always be set by the
context; typically, when instantiating Iris with a language, we also pick the corresponding state interpretation
S and fork-postcondition @ . All proof rules leave S and @ unchanged. If we leave away the mask &£, we
assume it to default to T. If we leave away the stuckness s, it defaults to NotStuck.

Note that we retain the later in the definition after proving a step for compatibility reasons: we could in
principle remove it (as the logical steps already make the definition contractive), but that would require
larger changes to existing proofs in finite Iris. The logical step will essentially allow us to pull out an
arbitrary number of laters (that we however have to fix before starting to pull out laters) before proving that
we can take a step, giving us a way to deal with the loss of commuting rules. Using logical steps instead of a
single later is additionally not only useful for working around the commuting rules, but also for uses where
multiple laters need to be eliminated, e.g., for opening nested invariants in a single step of the program
(which is currently not possible in finite Iris).

In order to actually facilitate this, we additionally define a stronger weakest precondition swp parameter-
ized over a natural number k. Instead of allowing us to take an arbitrary number of laters (via the logical
step), we can only take a previously chosen number of steps k. Additionally, the swp requires us to prove
that we can actually take a step, omitting the case that we have already reached a value.

swp]:;gS;q)F e{v. P} Vo, 7 n.S(o, i + 7, n) = =
(s = NotStuck = red(e, o)) * Ve', o', €. (e, LN &) "=k =
S(o’ /' n+el) * wpf;;gF e {v. P} * >|< eree wpi;fll—sF ' {dr}

Laws of the weakest precondition The crucical new rule of this transfinite weakest precondition is
that we can transition from a weakest precondition to the strong weakest precondition:

SWP-WP
expr_to_val(e) = L

swp’;g e{v. P} Fwpce{v. P}

As one would expect, the minor change of the definition does not impact the rules known from Iris
much, with the only exception being wp-aTomIc where we currently require strong atomicity independently
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of the stuckness:

WP-MONO
WP-VALUE & C& T'z:val | PF $o = Stuck V s1 = s
Plv/z] - wp,.cv{z. P} L= | Pe, @ (52 1= 52)
’ T | Wp, g, € {z. P} Wp,,.e, € {z.Q}

FUP-WP WP-FUP

E&' Wps;g € {.’E P} + Wps;g € {.’E P} Wps;g € {CL’ EE P} - Wps;f e {.’E P}
WP-ATOMIC

WP-FRAME

strongly_atomic(e)

E1pEn Ey &1 Q*Wps;gE{a?.P}l—wps;ge{x_Q*P}
B wp,g, € {x B P} Fwp,.e e{z. P}

WP-FRAME-STEP
expr_to_val(e) = L Ey C &

Wps;é'g e {’I P} * 51952 > 52951 Q F Wps;fl € {I’ Q * P}

‘WP-BIND

K is a context

Wp,.e € {:c Wpg.e K (val_to_expr(x)) {y. P}} Fwpg.e K(e){y. P}

We will also want a rule that connect weakest preconditions to the operational semantics of the language.
This basically just copies the second branch (the non-value case) of the definition of weakest preconditions,
but without offering the logical step.

‘WP-LIFT-STEP
expr_to_val(e;) = L

Vo, &, 7 n. S(o1, &+ &, n) =k? (s = NotStuck = red(ey, 01)) *
Veg, 09, €. (1,01 £>t 2,02, €) ®5k® Dmbg
(S(ag, R n+|e]) * wpf;;gF es {x. P} x* *efeg wpi?rF er {@F}>
F wpifp e1 {z. P}

Laws of the strong weakest precondition Very similar laws hold for the strong weakest precondition,
with the outstanding rule being the following one, allowing us to pull out a later while decreasing the index:

SWP-DO-STEP
(1+k)

> swpl;g e{z. P} Fswp, o e{z. P}
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SWP-MONO

51 QSQ F,iEZVEl”P'_EgQQ (SQZStUCk\/81:SQ)
T swp’jl;g1 e{z. P} + swpi;g2 e{zr.Q}

FUP-SWP SWP-FUP

= swpf;g e{z. P} + swp];g e{x. P} swp’;‘g e{r. 2, P} swpf;g e{z. P}

SWP-ATOMIC

SWP-FRAME

strongly_atomic(e
gly_ () Q*swpl;ge{x_P}l_SWPI;EE{x-Q*P}

=S swp’;g2 e {x Lo P} H swp];,"€1 e{z. P}

SWP-BIND

K is a context

swpf;g e {x wp,.e K (val_to_expr(z)) {y. P}} F swp’;g K(e){y. P}

SWP-LIFT-STEP
Vo, 7 R/ n. S(oy, R+ &' n) =k” (s = NotStuck = red(e;, 01)) *
N R &
Veg, 09, €. (617 o1 i>t €2,09, é') wekw > (DE
(S(o2. 7+ Jel) o wplf” ea {w. P}« K ree wpli ec {@r})

- swp}:;g;% e1 {z. P}

Adequacy of the weakest precondition The purpose of the adequacy statement is to show that our
notion of weakest preconditions is realistic in the sense that it actually has anything to do with the actual
behavior of the program. Since we have only changed the definition of the weakest precondition for safety
in minor ways, we can keep the adequacy theorem and change the proof to account for the added logical
step'®. This will however only enable the adequacy result for transfinite step-index types as we cannot
obtain a soundness result for logical steps with finite index types.

Theorem 3 (Adequacy). Assume that the underlying step-index type is transfinite.

Assume we are given some e1, 01, R, T, 0o such that ([e1],01) pr (Ty, 02), and we are also given a
meta-level property p that we want to show. We assume that p has been suitably reflected into our logic (i.e.,
added to its signature) so that we can talk about it inside Transfinite Iris. The signature can of course state
arbitrary additional properties of p, as long as they are proven sound.

To verify that p holds, it is sufficient to show the following Iris entailment:

Truet 2+ 35,5,9,Pp. S(01,R,0) * Wpfj}pp er {x. &(x)} * (C’SS@;@F (T, 09) T=0 p)

YWe do not currently use our new notion of satisfiability (see Section 4.4.1) to enable a modular proof. However, our adequacy
proof for the refinement weakest precondition introduced later makes use of the new technique.
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where C' describes states that are consistent with the state interpretation and postconditions:

CITPr(Ty,00) £ Fea, Ty To = [ea] 4 Ty =
(s = NotStuck = Ve € Ty. expr_to_val(e) # L V red(e, 02)) *
S(o2, (), [T5]) *
(expr_to_val(es) # L — ®(expr_to_val(es))) *

(* cery expr_to_val(e) # L - &p (exprﬁtoﬁval(e)))

[5] : [iProp]
5] £ A_ {n]p}

In other words, to show that p holds, we have to prove an entailment in Iris that, starting from the
empty context, chooses some state interpretation, postcondition, forked-thread postcondition and stuckness
and then proves:

« the initial state interpretation,
- a weakest-precondition,
« and a view shift showing the desired p under the extra assumption C (7%, 03).

Notice that the state interpretation and the postconditions are chosen after doing a fancy update, which
allows them to depend on the names of ghost variables that are picked in that initial fancy update. This
gives us a chance to allocate some “global” ghost state that state interpretation and postcondition can refer
to.

CZ®®r (Ty, 0y) says that:

« The final thread-pool 75 contains the final state of the main thread eq, and any number of additional
forked threads in T7.

« If this is a stuck-free weakest precondition, then all threads in the final thread-pool are either values
or are reducible in the final state 0.

« The state interpretation S holds for the final state.

« If the main thread reduced to a value, the post-condition @ of the weakest precondition holds for that
value.

« If any other thread reduced to a value, the forked-thread post-condition @ holds for that value.

As the crucial difference to the finite Iris adequacy proof, we use the following soundness result for
logical steps:

Lemma 11 (Soundness of Logical Steps). Assume we are working with a transfinit step-index type. Let p be
a meta-level property reflected into our logic.

IfTruet (=" )np, then p holds.

It is clear that this lemma cannot hold for finite index types as we know that - 3In.>" L is provable for
natural number indices (as seen in Section 2.3).
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9.2 Generalized Simulations

While Iris allows us to perform safety reasoning, the novelty of Transfinite Iris lies in providing liveness
reasoning, justified by the existential property. An interesting class of liveness properties is provided by
termination-preserving refinements and termination. Abstractly, a termination-preserving refinement
between two terms s in a source language S and t in a target language T says that (1) if ¢ evaluates to v,
then s evaluates to a related value v’, and (2) if s terminates, then ¢ terminates.

Before getting to the actual definition of the refinement weakest precondition which is able to handle
all features of the Iris program logic, we show at a high level how to generalize the simulation relation from
the key ideas section of this work to handle stuttering steps of the source (explained below). This will then
motivate some of the structure of our definition of the weakest precondition.

In the key ideas section, we have only given an internalized simulation (=) which establishes a “lock-
step” simulation (i.e., one step of the source for every step of the target) between the target and the source.
Such a lock-step simulation is too strict for verifying examples such as memo_rec. Realistic examples
require the ability to take steps in the target program without corresponding steps in the source program,
also known as stuttering.

A traditional technique to enable stuttering is explicitly counting the stutters (i.e., steps of the target
where the source does not change as well) in the definition of the simulation relation (e.g., as a subscript of
the relation). Unfortunately, counting stutters easily becomes tedious in proofs because (1) the number
of stutters has to be maintained explicitly, and (2) counting stutters is not very compositional (e.g., for
function calls in the target, the number of stutters can depend on the argument). Thus, we will use a form
of stuttering which does not require explicit stutter counting for the simulation (=<, ). To the best of our
knowledge, this is the first simulation which combines guarded recursion (used for cyclic features of the
language) and stuttering without explicit counting.

Now, in the absence of a step count, we have to resort to alternative measures to ensure that the stutters
terminate; otherwise the target could diverge. We incorporate termination (without counting steps) in the
definition using a least fixpoint. That is, we define:

t=.52 (3Fb.s=t=0b)V

(Tt b ~oig ) AV oy B =
' <, sV 3s. s~oge s ADE <,

as a least fixpoint. In this version of (=<.), the user is offered a choice after each target step ¢ ~~, t': either
she proves the simulation for the new target ', or she simulates the target step by picking one in the source
§ ~ge 8" and then proving the simulation for ¢’ <, '.

Now, to understand this definition in more detail, we consider once more its unfolding in the step-indexed
model®. In the model, the simulation relation is defined as:

tjoséTrue
t=ip1 82 (.t =5=0>b)V

(Tt t o ) AVt oy 8 =
t =<it1 8V s’ 5 g S A =, 8

2For simplicity, instead of showing the unfolding with ordinals as step-indices, we show the unfolding with natural numbers as
step-indices (in the style of the key ideas section).
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where for each 4, the definition of (<;41) is a least fixpoint. The use of the least fixpoint ensures that for
each (<;1), the left side of the disjunction can only be taken finitely often.

In proofs of (=<,), the choice between the left and right side of the disjunction can be made as follows.
The right side should be chosen, if the next target step corresponds to a source step. The left side should
be chosen, if the next target step or the next several target steps do not have a direct correspondence to
source steps but have an intrinsic notion of termination. By intrinsic notion of termination, we mean that
an inductive argument can be made why the execution terminates (e.g., a function structurally recurses on
a list, or a for-loop iterates for a fixed number of iterations).

To justify that the simulation relation defined above is actually useful, we show its adequacy, meaning
we show it entails a termination preserving refinement.

Lemma 6. If-t <, s, then:
« forallb, ift evaluates to b, then s evaluates to b,
« ift diverges, then s diverges.

Proof.

« First we prove the result refinement: First, we observe that for a single step ¢ ~+ t’, we obtain from
Ft=<,s:
Ft' <, s o0r(s~g s'and bt <, s for somes’)

by using the existential property and other soundness rules of the logic. In particular, this means:

*

s~ slandt <, s for somes’

where (~7.) is the reflexive, transitive closure of (~>gc).

By repeatedly applying this single step rule to the simulation - ¢ <, s for every step in the execution
of ¢ to b, we obtain:
s~k s'and b b <, s for somes’

By unfolding the definition of the simulation relation, we obtain - b = s’ (since b cannot step), and
hence b = 5.

« Now we show termination refinement: Let ¢ by diverging. Then we can prove inside of the logic:
3t st diverges A s ~oge 8 ADE <, 8

by induction on the least fixpoint (<), incrementally unrolling the infinite execution of ¢. Using the
existential property and other standard soundness properties, we obtain:

s ~ac 8 and t' divergesand = t' <, s for somet’, s’

By repeating this step, starting at ¢’, we can extract an infinite execution of s.
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9.3 Refinement Weakest Precondition

With this motivation for the core style of reasoning we employ, we introduce a new type of weakest
precondition. We follow the Iris style and setup the refinement weakest precondition in a very general way.
Instead of specializing to one particular language, we parameterize over a suitable notion of source language.
This will pay off later as it allows us to obtain a weakest precondition for termination as a special case.
While we are reasoning with the weakest precondition in the target language, we have certain requirements
on making steps in the source language.

9.3.1 Source languages

Definition 2 (Source language). A source language consists of a type A, a relation < on A, and a source
interpretation I : A — iProp.

This definition of source languages is very general, with the source interpretation providing a great
deal of flexibility.

Definition 3 (Source update). It is possible to do a source update to P : iProp, written |5 P, if
Va: Al(a)=ke Ib: A.a =T bxI(b) x P.

Note that P may very well make assertions about the state of the source language if we tie it to the
source interpretation with suitable ghost state.
We have the following notable rules for source updates:

SRC-UPDATE-BIND SRC-UPDATE-MONO-FUPD FUPD-SRC-UPDATE

e Px (P P Q) F P Q e Px (P =kKe Q) F B Q Pel: PHP: P

Trivial source language The trivial source language is given by the unit type 1 with the trivial relation
r < = 2 T and the interpretation I(x) = T. Essentially, this source language always loops, so that a
refinement with this source language poses no further requirements.

Authoritative source language

Definition 4 (Authoritative source). An authoritative source (M, <) consists of a discrete unital camera
M equipped with a relation < satisfying the following requirements:

a— a Avalid(a- f) = valid(a" - f)A(a- f) = (a' - f) (AUTH-SOURCE-FRAME)
valid(a- f)Aa-f=a - f = f=f (AUTH-SOURCE-CANCEL)

We can make an authoritative source (M, <) into a source language by defining the source interpreta-

tion as
-
°ai . (AUTH-SOURCE-INTERP)

I(a) 2 e

B
|
|

for some ghost name . We use the notation srcA(s) £ }r;:cjﬁ to assert authoritative ownership of the

source element s and srcF(s) = ;EEJ’Y to assert ownership of a fragment s.
The following rules can be proved:

AUTH-SOURCE-UPDATE
!/
a—a

srcF(a) b [ srcF(a’)

SRCF-SPLIT

srcF(a - b) 4k srcF(a) * srcF(b)
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Authoritative ordinal source language We can give an instance of the authoritative source language
by picking the ordinal camera from Section 3.5 as the underlying discrete unital camera. As for the stepping
relation, we pick > (the greater-than relation).
Intuitively, if we have srcF(a), then especially a < b for the authoritative element b, asserting that at
least a is remaining in the ordinal source (formally, whenever we have knowledge of srcA(b), then a < b).
Naturally, we can derive the following rule (recalling the definition of the operation for the ordinal RA):

ORD-SRCF-SPLIT
srcF(n @ m) - srcF(n) * srcF(m)

Authoritative natural numbers source language In a very similar way, natural numbers can be used
as a source language, with the stepping relation < £ >. The observations for the ordinal source language
hold here as well: if we have knowledge of srcF(n), then we have at least n steps remaining in the natural
numbers source. A similar splitting rule holds:

NAT-SRCF-SPLIT

srcF(n +m) A srcF(n) * srcF(m)

Lexicographic source language Given two source languages (A, <4, [4) and (B, — g, I5), we can
define a source language on the lexicographic product as follows:

a“—A a’ b “—B b,
(a,b) —axp (a',b) (a,b) = axp (a,b)

I(a,b) = I(a) * 1(b)

This will allow us to encode stuttering explicitly.

SOURCE-UPDATE-EMBED-L SOURCE-UPDATE-EMBED-R
O e B P o (5P p

Other source languages In the case that we want to prove a refinement between programs, the source
language needs to capture the language the source program is written in. We will see an example of such
an encoding in Section 11.2.

9.3.2 Definition of the refinement weakest precondition

We parameterize the refinement weakest precondition by a state interpretation State x N — iProp that
interprets the execution state as an Iris proposition, and a predicate @5 : Val — iProp serving as a
postcondition for forked-off threads®!. For the state interpretation, we currently do not support lists of
observations for prophecies (unlike the Iris weakest precondition for safety). Furthermore, we parameterize
over a source language A = (A, —, I) for refinement which we have to thread through.

The key difference to the normal weakest precondition of Iris is that we have to build in making steps
of the source language: we should always be required to take a step in the source language after finitely
many steps in the target language. This ensures that, if the source expression is terminating (has no infinite

“'However, we do not actually make use of concurrency in this work.
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executions), the target expression (we are considering in the weakest precondition) must also be terminating.
Therefore, we define the weakest precondition as a least fixpoint.

At the same time, our definition still has a guardedly recursive component: for every step of the target,
we decrease the step-index (encoded by a later), which is needed for the higher-order reasoning of Iris,
i.e., to strip laters when opening invariants. Notably, we do not get a later if we do not take a step in the
source language. Otherwise, we could still loop infinitely in the target and never take a step in the source
by decreasing the step-index (with the later) until it runs out (i.e., becomes zero).

The most important features are highlighted in blue.

rwp(A, S, Pr,s) = least fp rwp_rec A&, e, P.
(Fv. expr_to_val(e) = v AVo,n,a. I(a) = S(o,n) =¢ I(a) * S(o,n) x &(v)) V

(expr,to,val(e) = L AVo,n,a.I(a) % S(o,n) =k’

3b. géw (s = NotStuck = red(e, o)) * Ve', o, &,&. (e,0 “3¢ ¢/, 0", &) =%
((b=true * 3a’.a =1 a’ x I(a’)) vV (b = false * I(a))) *

S(J'7n—|— \e ) * rwp. rec(é’,e/,@) * *eneé‘ rwp_rec( 76//745}7))
rw',;S;Fe v. P —Arwp.AS@Fs E,e,\v. P
ps,é’ PEg) ) s €

When proving a refinement weakest precondition and the target expression is not a value, we can make
a choice: either we want to take a step in the source language (b = true) or we do not. In case that we do,
we obtain a later in the goal upfront®”>. Otherwise, we cannot obtain a later in the goal. After taking a step
in the target language, we have to prove that we can take at least one step in the source language if we
chose to do so, while making sure that the source interpretation is upheld.

This definition of the refinement weakest precondition allows us to take stuttering steps both in the
source and the target without explicitly counting steps®>.

We remark that this definition becomes quite similar (apart from differences in placement of later) to
the “normal” weakest precondition for safety known from Iris if we pick the trivial source language that
can always do a step (thus putting no obligation for termination on us).

We provide additionally a strong refinement weakest precondition which captures the case that we are
not in the value case and have potentially already taken a source step (made a source update). It requires us
to prove a target step. The strong refinement weakest precondition is parameterized by an index k giving
the number of laters we may get in the goal when proving it. The interesting cases in this work are k = 0
(we have not taken a source step when switching from the refinement weakest precondition to the strong
version) and k = 1 (we have taken a source step).

k
rswp}:;f;sﬂj’v e{v. P} 2Vo,n,a.1(a) * S(o,n) =k’ (Q)E@ > 0}30))
(s = NotStuck = red(e, o)) * Ve, o, &,R. (e,0 “ ¢/, 0, &) O—k®

I(a) * S(o’,n + |€]) * rwpﬁ;ES@F e {v. P} x >l< e rwpéirS@F ' {®p}

The style of reasoning this allows will become clearer with the rules provided below.

21n principle, we could also get a larger number of laters here, e.g., by including a logical step. We leave this for future work.
ZHowever, we cannot obtain laters in the goal when proving a refinement weakest precondition and stuttering in the target

70



9.3.3 Derived rules
We first show the two central rules that allow for reasoning involving the source language.

RWP-NO-STEP RWP-TAKE-STEP
expr_to_val(e) = L expr_to_val(e) = L

rswpg;g e{v. P} Frwp g e{v. P} B Px (P — rswpé;g e{v. P}) Frwp o e{v. P}

The first rule does not take a step in the source language, thus leaving us at an rswp with 0 laters, while the
second rule takes a source step.

Rules for rwp The other rules we expect of weakest preconditions do also hold.

wpva RWP-MONO
WEP-VALUE & C& I'xz:val| P+ Sg = Stuck V s; = s
P[v/x]l—rwps;gv{x.P} =" | @ng (s2 ! 2)
[|rwp, e e{z. P} Frwp, o e{z.Q}
FUP-RWP RWP-FUP
Berwp,gef{r. P} Frwp, ce{z. P} rwp,.e e {z. B¢ P} Frwpgcef{z. P}

RWP-ATOMIC
RWP-FRAME

t ly_atomi
strongly_atomic(c) Q*rwp,cef{z. PtFrwp ce{z.Q* P}

frpfe r'Wp,.e, € {x =X P} Frwp,.g e{z. P}

RWP-BIND

K is a context

rwp.e € {m rwp,.e K (val_to_expr(x)) {y. P}} Frwp.e K(e) {y. P}

Finally, we have the usual lifting lemma:

RWP-LIFT-STEP
expr_to_val(e) = L

Vo,n,a. I1(a) * S(o,n) =k’
E IQE@ (s = NotStuck = red(e, o)) * Ve', o', €, R. (e, 0 LN ¢ o' é) =k
(b=true A3a’.a =" a xI(a’))V (b=false A I(a))) *
S(o’,n+ |é]) = rwp:}és@‘v e {x. P} * *eneg rwp:};gsz'(‘bF e {Pr}
F rwp:};gS;@F e{z. P}

Rules for rswp Correspondingly, we have the following rules for the rswp:

RSWP-DO-STEP

> rswpl;g e{z. P} + rswpggrk) e{z. P}
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RSWP-MONO

51 QSQ F,iEZVEl”P'_EgQQ (SQZStUCk\/81:SQ)
T | rswp’;;g1 e{z. P} + rswpifz;g2 e{z.Q}

FUP-RSWP RSWP-FUP

= rswpf;g e{z. P} rswp]‘;(g e{zx. P} rswp];g e{r. 2, P}F rswp’;;g e{x. P}

RSWP-ATOMIC
RSWP-FRAME

strongly_atomic(e
gly_ ( ) Q*rswplz;ge{x,P}}_I’SWpl;ge{x-Q*P}

Gt rswp];;g2 e {9: Lo P} H rswpf;g1 e{z. P}

RSWP-BIND

K is a context

rswp’;;g e {x rwp,.e K (val_to_expr(x)) {y. P}} H rswp’;;g K(e){y. P}

RSWP-LIFT-STEP
expr_to_val(e) = L

Vo,n.S(o,n) — glz)wk
(s = NotStuck = red(e, o)) * Ve', o', €,R. (e,0 it e o' €) @3kg
S(o’,n+ |el) * rwpﬁf;d”” e {v. P} * *e/reg rwpﬁf@’” " {Pr}
+ rswp’:;g\;s@F e{z. P}

9.3.4 Adequacy

Of course, we have to prove that our refinement weakest precondition is adequate, i.e., that the statement
we have proved has a meaning outside the logic. When we prove a refinement, we essentially desire that
every possible behavior of the target term is also a possible behavior of the source term.

Viewed abstractly with our very general notion of source language in mind, the only behavior we can
reason about in general is (non-) termination. More advanced additional notions of behavior, for instance
a notion of result refinement when the source term is itself a program, can be encoded via the source
interpretation with ghost state.

Result refinement Since the concrete phrasing of a result refinement strongly depends on the language
and the relation between values we want to obtain, we introduce a generic post-condition depending on the
state interpretation and source interpretation. With this, we can prove a general result that can be re-used
for proving concrete result refinements.

We make use of the notion of satisfiability with masks introduced in Section 7.5.

Theorem 4 (Result Refinement). Assume that the underlying step-index type validates the small existential
property.
Ifle];o0 —p v :: T 07, ie., the main thread terminates with a value v and state o', and

satisfiable_at T (I(a) * S(o,n) * rwp .+ e {P}),
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then there exists a source expression a' and a number of threads m such that a —* a’ and
satisfiable_at T (I(a’) * S(o’,m) * ®(v)).

We will see examples of the use of this general result in Section 11.

Termination refinement One of the strong features that Transfinite Iris offers is that we can not only
prove a result refinement, but also that termination is preserved from the source expression to the target
expression.

We phrase this as a generic adequacy statement essentially stating that if we can prove a refinement
(phrased in terms of the weakest precondition) between a source term s and a target term ¢ and every
execution of s terminates, then also every execution of ¢ terminates. Here we take the viewpoint that
divergence of the target term is an observable behavior.

To facilitate the proof and for formally defining our adequacy statement, we first lift the essential parts
of the rwp relevant for termination-preserving refinement to thread pools, rwp_tp. However, while our
definition of the refinement weakest precondition does in principle support concurrency, our adequacy
statement (and refinement weakest precondition) does not handle fairness. Many interesting, termination-
preserving refinement in concurrent settings rely on fairness (i.e., some form of fair scheduling between
threads). We leave the study of this for future work.

rwp_tp = least_fp rwptp_rec A T.

VT’ 0,0/ k,n,a. T;o —p T: 0" —
I(a) * S(o,n) "=k" 3b. [QQET Im. S(a’,m) *

((b=true x Ja’.a =1 o' * I(a’)) vV (b = false * I(a))) * rwptp_rec T/)

Essentially, this removes the progress requirement, the post condition, as well as the separate handling of
the value case, leaving us with what is essential for dealing with simulations.
Importantly, we can prove the following subsumption for single threads:

RWP-RWP_TP

rwp,. e {v. P} = rwp_tple]

Now for proving adequacy we employ the satisfiability technique from Section 4.4.1. We first define a
predicate guarded : A — iProp — iProp which essentially captures that a proposition P is guarded by an
element a of the source language. If we can evaluate a long enough that it terminates (cannot be reduced
anymore by <), then guardedness ensures that we get knowledge of P.

guarded = 1 guarded_pre. \ (a : A)(P : iProp). TEQ
V(> a.a =" a * guarded_pre.a
0 TP (] TE| ’ + guarded_p 'p

We can formalize the intuition for guardedness if we assume a step-index type validating the existential
property. Intuitively, if we have a terminating execution of the source language, we can just pick a step-index
which is larger than the execution length to be able to trace the whole execution and in the end obtain P.

73



Formally, we define strong normalisation (at the meta-level) as follows:

VyRxy—SNRy
SNRx

Moreover, for a relation R : A — A — Prop, we define co-inductively what it means that there is an
infinite path from an element a : A:

Rxy loops Ry

loops R z

Now we can prove the intuition:

Proposition 1. Assume that the underlying step-index type validates the small existential property.

GUARDED-SAT

SN(=)a satisfiable_at T (guarded a P)
satisfiable_at T P

Proof. By induction over the proof of strong normalisation using the compatibility lemmas for satisfiable_at £ .
O

Theorem 5 (Termination refinement). Assume that the underlying step-index type validates the small

existential property.
If SN (=) a and satisfiable_at T (I(a) x S(o,n) * rwp .+ e {v. P}) then loops (—,)([e]; o) is false.

Essentially, the preceding theorem tells us that if the source is strongly normalising and we can prove
the refinement weakest precondition for the target, then also the target is strongly normalizing?*.

9.3.5 Sequential weakest precondition

For sequential reasoning about liveness reasoning (which we focus on in this work), it is useful to have a
version of the refinement weakest precondition using the non-atomic invariants of §7.4. This removes the
obligation to write our algorithms in a thread-safe way, allowing us to open invariants around non-atomic
expressions.

The definition as a derived form of rwp is simple:

seqrwpﬁf;% e {v. P} £ [Nalnv : yseq.E] —* rwpf}f;@‘v e {v. [NaInv : v5eq.] * P},

where 7;eq is some arbitrary ghost variable name which we fix beforehand.

Note how the mask parameter is just used for the non-atomic invariants, while we pass the full T mask
to the rwp.

In a similar way, a sequential version of the strong refinement weakest precondition can be defined:

seqrswpff?;S;@F e {v. P} £ [Nalnv : yseq.E] —* rswpffﬁ;S;@F e {v. [Nalnv : v5eq.£] * P},

24Strong normalization is classically equivalent to the absence of loops.
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9.4 Time-credits Weakest Precondition

We can instantiate the refinement weakest precondition with ordinals as a source language, with the
stepping relation given by the usual total order >, in order to obtain a total weakest precondition that
ensures termination. Formally, we make use of the authorative ordinal source language given previously.

This gives us a generalization of time credits Mével et al. [2019]. In their original form, time credits
enable proving the safety property bounded termination in separation logic. That is, with time credits one
can verify (explained below) that a program “terminates in n steps of computation” where the bound n
has to be fixed up-front. By picking ordinals, we obtain transfinite time credits. Transfinite time credits go
beyond the safety property bounded termination: they allows us to prove the liveness property termination
for examples where it is non-trivial (if not impossible) to determine sufficient finite bounds.

We use the established notation
$(a) £ srcF(a)

for asserting that there are at least « credits left.
Clearly, we then obtain the rule

TC-SPLIT

$(a® B) I $(a) * $(B)
The time-credits weakest precondition is defined by
twpifF e{v. P} 2 rwpgrg;S;@F e{v. P},

just specializing the source language to the ordinal source language.
The following rules are of relevance:

TCWP-BURN-CREDIT TCWP-WEAKEN
expr_to_val(e) = L expr_to_val(e) = L B=Xa
$1 x> rswpg;g e{v. P} twp e f{v. P} (88 = twp,.c e{v. P}) * Sa k- twp, o e {v. P}

TCWP-ALLOC-ZERO

$0 x twp_.¢ e {v. P} - twp ¢ e {v. P}
Adequacy Since the total order on ordinals is well-founded, every ordinal is strongly normalising accord-
ing to the > relation. Thus we can instantiate the generic termination refinement result (Theorem 5).

Theorem 6 (Adequacy of time-credits). Assume that the underlying step-index type validates the small
existential property and that

satisfiable_at T (srcA(a) * S(o)(n) * twpy 1 e {v. P}).

Then loops(—+,)([e]; o) is false, which is classically equivalent to e being strongly normalising.

Sequential version Similarly to the refinement weakest precondition, we can define a sequential variant
of the time-credits weakest precondition:

sethpiF e {v. P} £ [Nalnv : yseq.E] —* twpf_"'?F e {v. [Nalnv : v5eq.£] * P},
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9.5 Hoare Triples

While reasoning directly with weakest preconditions is in general easier (in particular in Coq), a more
traditional way of writing down specifications are Hoare Triples. We can easily define Hoare Triples in
terms of the refinement weakest precondition and strong refinement weakest precondition:

{P} € {U' Q}S;g é DP - rwps;é‘ € {Q}
(P)e(v.Q)se =OP ~rswple e {Q}
(P)e(v.Q)ye £ 0P ~xrswpyc e {Q}
We will overload these notations for the sequential versions. It will always be clear with which weakest
precondition we are working.
9.5.1 General Hoare Triples for the Refinement Weakest Precondition

The following rules can be derived for the refinement weakest precondition:

oo (Pleln@e  {Pheln@le o (QhKl (v Bl
' {PxR}e{v.Q x R}¢ {P} K[e] {w. R}¢
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v:Val£ieZ | () | l€Lloc | true | false | inl(v) | inr(v) | (vi,v2) | rec fax.e
e:Expr2a | v | inl(e) | inr(e) | (er,e2) | mi(e) | matchewithinl(z).e; | inr(z).ea
| ifethenejelsees | ei(ea) | ref(e) | e | ex:=e2 | e1o0ex | we
0:BinOp2+ | — | - | < | =] && |
u:UnOp & — | ~
K:Ctx2e | inl(K) | ini(K) | (K,e) | (v,K) | 'K | Koe | voK |
o : State 2 Loc 22 val

Figure 3: Syntax of HeapLang, evaluation contexts, and states.

10 HeapLang

The standard language that is shipped with Iris is HeapLang. HeapLang is a call-by-value A-calculus with
recursive functions, general higher-order references and fork-style concurrency. Integers and Booleans are
built-in as primitives. HeapLang is a priori untyped with no fixed static typing judgment. Typing relations
(and in this way also polymorphic types), however, can be defined on top depending on the application (we
will see an example in §12).

Figure 3 shows the syntax of HeapLang as well as an excerpt of the definition of evaluation contexts. We
omit some parts of the language, in particular the support for prophecies and some concurrency primitives,
as they are not relevant in this work.

Some syntacic sugar can be defined on top:

Ax.e®rec_m.e
(X x.€’)(e)
let (z,y) :=eine = (A p\ f.f(mp)(map))(e)(\ z.\ y.€')

(>

] /
letx := eine

We define a primitive (thread-local) reduction relation in Figure 4, using the same notation for thread-
local reductions — as in the previous section on general languages. This is completely standard. HeapLang
defined in this way fulfills the definition of a language according to the previous section. Thus, we can
make use of the general definition for machine reduction.

10.1 Heap Encoding and State Interpretation

When we want to reason about HeapLang using the Iris program logic, we have to define its resources
as ghost state and provide a state interpretation to use for the weakest precondition. We simplify the
presentation here and omit HeapLang’s support for prophecies as they are irrelevant for the work at hand®.
More specifically, in the following we define the points-to connective [ — v and the points-to connective

with fractional permissions [ + v.

Bris’ actual generic support for heaps is even more complicated, allowing to track additional meta information about each location.
This is of no relevance to us and therefore omitted.
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ADD
U1 =N V2 = N2

U1 + V2 _>pure (nl + n2)

PROJECT
7Ti(vlv 7)2) Hpure (%3

MATCH-RIGHT
(match inl(v) with inl(z).ey | inr(z).e2) —pure €1[v/7]

MATCH-LEFT BETA
(match inr(v) with inl(z).e; | inr(z).e2) —pure €2[v/] (rec fx.e)v —=pure €[v/x][rec f x.e/f]
PURE DEREF STORE ALLOC
€1 —Fpure €2 ol)=wv o(l) =wo ol)=1
€1,0 —head €2,0 1,0 —Shead U, 0 l:=0v,0 =head (), 0l + 7] ref(v), 0 —rhead I, o[l < V]
HEAD
FORK .

€,0 —7head €,0, €

fork{e}, o —head (), 0, [€] K(e),0 = K(e),0,¢

Figure 4: Selected rules for pure (—,ur ) reduction, head reduction (—pead) and primitive (thread-local)
(—+ ) reduction in HeapLang.

The resources of HeapLang, namely its heap, are encoded, just as other resources, using a camera. The
heap supports fractional permissions. Specifically, we define the following unital camera, where we are
equipping Val with a discrete camera structure:

heap, £ Loc 2 (Frac x Ac(Val))
heap = AutH(heap,))

This camera keeps track of the values in individual locations. The interaction of the fractional camera and
the agreement camera are quite important. Especially in the case where the fraction is 1 (i.e., we should
intuitively have full ownership of a heap location), the product of the two has an exclusive behavior, as
fractions cannot be 0. In the absence of fractions, it may thus be more intuitive to imagine the definition as
Loc 2 Ex(Val).

The authoritative camera at the outside ensures that we can hand out fragments of the heap (enabling
shared access to the heap), while there will always be exactly one authoritative heap. This authoritative
heap is managed by the state interpretation of the weakest precondition and is tied to the heap used for

physical reduction. We can canonically turn a physical heap o : [ n Val into an element of heap,, by
(pointwise) using the injection ag into the agreement camera and using the fraction 1. This injection will be
used implicitly whereever necessary from now on.

Let us pick a ghost name 7pe, for the heap. We can now define the points-to connectives using
fragmental ownership:
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The following rules about the points-to connective can be derived:

HEAP-ALLOC
POINTSTO-TIMELESS POINTSTO-COMBINE o
o(l)y=1

timeless(l +% v I o 5 1B oy 152 4y w0, =0 e — -
( ) L 2 PEETT e M B (ea [l v kL )

HEAP-UPDATE HEAP-VALID

T~ =1 Yhea NS TN Vhea T 1 Yheay
oo Tkl vk Blea [l ] ki g ;iqjhp*l@vFa(l):v

The state interpretation (ignoring prophecies) can be defined as
S(o,n) £ eq™,

essentially asserting that the heap encoded in the ghost state matches the physical heap o.

79



11 Termination and Refinements for HeapLang

In this section, we provide instantiations of the program logic for proving both termination and termination-
preserving refinement properties in HeapLang with Transfinite Iris.

11.1 Termination with HeapLang

The following theorem states the adequacy of the sequential time-credits weakest precondition for HeapLang,
derived from the general adequacy in Theorem 6.

Theorem 7 (Adequacy of time-credits for HeapLang). Assume that we are working in a step-index type
validating the existential property. We use Excluded Middle.
If we can prove True = 3a.$(a) — seqtwp e {v. True}, then e is strongly normalizing, i.e., SN (=,

) ([e]; o) forany o.

11.2 Refinements with HeapLang

Here we consider how to prove refinements between sequential HeapLang programs. As hinted before, we
first have to define a suitable source language, according to Definition 2.

11.2.1 HeapLang Source Language

The challenge with setting up a source language for HeapLang is that we have to encode the full state of a
HeapLang program using the source interpretation.
We define the following cameras, using the discrete camera on Expr and State:

tpool 2 N fin, Ex(Expr)
cfg, £ tpool x heap,
cfg £ AutH(cfg,)

trace = AuTH (MLisT (List Expr x (Loc — Val)))
tpool encodes the current execution state for the involved threads. cfg, adds the heap as defined in
Section 10.1. Finally, the whole encoding cfg of HeapLang configurations in ghost state wraps this in the
authoritative camera to enable sharing of fragments. Thread pools 7" can be canonically injected into the
tpool camera and configurations 7'; o can be embedded in the cfg camera. We will do this implicitly from
now on. trace records a trace of an execution, as a list of all intermediate thread pools and states.

We assume that the cfg camera is available at a location 7y, and the trace camera is available at .
The following connectives for asserting particular execution states of threads or locations can be defined:

e 2 (o (L (o))
src(n — e) £ ‘r57(7[ﬁi<;7eix7(765]7,7l7)ﬁ}%m

src(e)
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Given a list [ of configurations, we define tracelist(!) to hold if [ represents a trace of steps of exeuction:

tracelist([]) £ True
tracelist([T’; o]) £ True
tracelist([Ty; 01] H [To; 02] + 1) & T;0 < T'; 0" A tracelist([Ty; 2] + 1)

For the definition of the HeapLang source language, we let source steps be reduction steps in HeapLang
and define the source interpretation to assert full authoritative ownership of the given configuration, as
well as a trace recording execution to that point.

Tio—>T:0 2T;0 =T 0

I(T;0) 21e(T;0) ™ 3. emlist(l ++ [T;0]) | Atracelist(l + [T’; o])

11.2.2 Stuttering HeapLang

For refinements we are sometimes in the situation that one step in the source “corresponds” to multiple
steps in the target, or vice versa. That is, we would like to have support for stuttering. While our definition
of the refinement weakest precondition already has built-in support for stuttering in the source (allowing
to take multiple steps in the source for one step of the target) and stuttering in the target, both without
explicitly counting steps, we cannot obtain a later in the goal when we do not take a source step. In case we
need to stutter in the target and open invariants, we can however still count steps explicitly.

Precisely, we will use the lexicographic source language presented in Section 9.3.1 to combine the
HeapLang source language with the natural numbers source language: Apeaps = Atieap X An. Everytime
we take a step in the source program, we can pick a natural number describing the number of target steps
we want to do before the next source step. We will make use of the same time-credits notation $% as in
Section 9.4 to denote that we have a stutter budget of k remaining”. Formally, the rules of the lexicographic
source language specialized to this setting are as follows:

SOURCE-UPDATE-HEAP SOURCE-UPDATE-EMBED-R
e TP s ) P [ P D) p

26The encoding under the hood really is the same, the only difference being that we are now using natural numbers instead of the
ordinals.
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We can prove the following source updates:

STEP-FRAME STEPS-ADD-STUTTER
(c1,m) = (ca,m) (c1,n) =7 (co,m) c1 # Co

(c1,n+ k) = (ca,m+ k) (c1,n) =T (co,m + k)

STEP-INV-ALLOC

(src(j — e1) =« B¢ P) * (P — Jeg.src(j — ez) * ea # e1) b src(j — e1) = B¢ (P * $k)

STEP-PURE
€1 _>pure €2

src(j — e1) F B sre(j — e2)

STEP-STUTTER

$(1+ k) - [ $k

STEP-LOAD
src(j — K[N]) =1 Vo B sre(j — K[v]) * 1 My e v

STEP-STORE

sre(j — K[l :=v]) * L =g v F By sre(j = K[()]) * [ g v

STEP-ALLOC

src(j — Klref(v)]) F B 3l.sre(j — K[l]) * [ —gc v

11.2.3 Adequacy

From the generic adequacy theorems for the refinement weakest precondition (see §9.3.4), we get the
following concrete adequacy theorem for the HeapLang refinement.

Theorem 8 (HeapLang refinement adequacy). Assume that the underlying step-index type validates the
small existential property.

Let a meta-level predicate @ : Val x Val — Prop be given, relating source and target values. Let s; 05, and
t; o be the initial source and target configurations, respectively.

Assume that we have proved

sre(s)  seqrwp t {v. I’ .sre(v”) * B(v,v")}.
Then we have:

1. Result Refinement: For any execution [t];0 —, [v];0" of the target, there exist v', oy, and a list of
threads T’ such that
[8]; 0gre =15 V', T3 04

and ®(v,v").
2. Termination Refinement: If the source is strongly normalizing, then the target is strongly normalizing:

SN (=p ) ([s]505¢) = SN (= ) ([t]; 0)

This result relates the proof done in the Transfinite Iris logic to a termination-preserving refinement at
the meta-level.

The proof obligation of this theorem requires us to prove that the target term ¢ evaluates to a value v
and we can simultaneously advance the source term s such that the source ends up in a value v’ related to
v by D.
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11.2.4 Refinement Hoare Triples

In the following, we specialize to the sequential setting and consider the sequential refinement weakest
precondition as well as the strong sequential refinement weakest precondition. While we generally prove
specifications directly using weakest preconditions, as an example we provide the following Hoare triples

for refinement, where we fix the mask to be T%7:

STORE-SOURCE

STORE-TARGET l are K P . : t 1
(I v)l=ve(ww=/()*lr vy) (I —gre v2 % src(K[()]) * P) er (v. Q) et is not a value
{l =gc v1 * sre(K[l := vg]) x> P} e {v.Q}
PURE-TARGET PURE-SOURCE
{P} e} {v.Q} €t —>pure € (src(K[el]) x P) ey (v. Q) €s —rpure € e; is not a value
(P)er(v.Q)¢ {src(K[es]) x> P} e {v.Q}
STUTTER-TARGET STUTTER-SOURCE-PURE
(P) e (v.Q) e is not a value {src(el) * P}es {v. Q} €s —rpure € e; is not a value
{P} e {v. Q} {src(es) * P}es {v. Q}

STUTTER-SOURCE-STORE
{src(K[()]) * I —gc v2 * Phey {v. Q} et is not a value

{src(K[ref(D)va]) * P * l —>gc v1}e¢ {v. Q}

%Tone could however also prove the more general rules for arbitrary masks
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12 Logical Relation for Termination

In the following, we explain how we obtain the main result of Spies et al. [2021] in Transfinite Iris:
termination of a linear language with asynchronous channels, modeling the core of promises in JavaScript.
We explain how to encode their language in HeapLang in Section 12.1, we simplify their logical relation
in Section 12.2, and we extend it to handle impredicative polymorphism in Section 12.3.

12.1 Language

The language of Spies et al. [2021], Acpan is a linear A-calculus with Booleans, natural numbers, and pairs
extended with asynchronous channels. Besides constructs which are already included in HeapLang (e.g.,
booleans, pairs, and natural numbers), Acyan features a primitive operation iter for iteration on natural
numbers as well as the chan, put, and get primitives on asynchronous channels. Below, we explain how to
encode these constructs into HeapLang.

Channels can be in three states: empty, containing a value (waiting for a get), or containing a continuation
(waiting for a put). We encode these states with three constant values E, V(v), and C(v) (we can derive
these in HeapLang with nested sums), providing for a corresponding case analysis principle

caseeof E=e; | V(v) = e3 | C(v) = es.

Channels are then represented by heap locations which contain one of these states. With these features, we
can encode the three essential channel operations as follows:
chan £ let ¢ := ref(E) in (c, ¢)
div £ rec f z.f(x)
get = Ap.let ¢ := 7y (p) in
let v := ma(p) in
caselcof E= c¢:=V(v) | V(v) = div() | C(v) = c¢:=E; f(v)
put = Ap.let ¢ := 7 (p) in
let f:=ma(p) in
caselcof E= c:=C(f) | V(v) = c:=E; f(v) | C(v) = div()
iter = rec iter s.\n, f.if n = 0 then s else iter(f s)(n — 1) f

In Acpuan, there is no case for C in get and V in put. Being interested in termination, we have replaced these
cases with divergence, ensuring they are never executed.

Type System In its original (monomorphic) formulation, Acyan is equipped with the linear type system
presented in Figure 5. We write I'1, I'y for the disjoint union of the linear typing contexts I'; and I's.
12.2 Simplified Logical Relation

In Transfinite Iris, we define a simplified logical relation for this language. As a semantic interpretation of
types SemType, we pick predicates from values to propositions T, U : Val — iProp. On these predicates,
we define the semantic type formers:
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I'te: B F1|—61:]l PQ"@QIA

ARz A - 0F(:1 'Fbv:B
. . I''zx:A+Fe: B 0 I',TykFep;en: A
I‘ll—e:B F2|_€1:A ].—‘2}—62:14 @l— N I‘ll—el:N Fgl_egiN
', Fifetheneyelseey : A " I','skFe;+e: N
I''Fe:N T'obeg: A r:AFes: A I'z:AFe:B
Ty, Totiterege (Azeg)H A I'Aze:A—oB
F1|_611A—OB FQ"@QIA F1|_612A F2|_62ZB
Fl,Fgl_el(eg)lB Fl,Fgl—(el,eg):A(@B

F1|_612A1®A2 Fl,CL'ZAl,yIAQFGQIB

Fch : Get(A) ® Put(A
I, To b let (z,y) :=eyines: B O chan() : Get(4) ® Put(4)

F1F61:Get(A) F2F€22A40]]. FlkelsPut(A) FQF@QZA
', Ty get(er,es) : 1 I'y,Ts F put(er,ez) : 1

Figure 5: The (monomorphic) type system of Acpan

Leem = Mv.v = ()
Beem = M0.3b:Bv =b
Neem 2 M.3n:No=n
T — U= \f.(Vo.T(v) = E[U](fv))
T®U 2 M.y, ve.v = (v,v2) * T(v1) * U(vg)
Get(T) £ .3l Yget, Yput- $1 % v = * Nalnv s NL(1(1,T)) « ;l;:(:)j"/g“
Put(T") £ Av.3L, Yget; Yout- $1 x v =1 * Nalnv s NL(1(1,T)) « ;l;:(:)j%"t
E[-] : Expr — iProp
E[T] £ Ne.seqtwp e {v. T(v)}

For the interpretation of the Get(-) and Put(-) types, we maintain an invariant saying that the channel
location points to a valid channel state. To every channel, ghost names 74 and -y, are associated. Having

o()] 7 (or o) ') encodes the permission to use the get or put operation, respectively. The authoritative

camera and the definition of the invariant ensure for instance that, when we possess G:OJ Wgﬂ, the invariant
cannot be in the C(f) case.

(L) £ 1 EV (301 V(o) T(0) % [0 ()17 V 31 C(f) * (T~ Liem)(f) [0 0™
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r:TFEx:T _-tey DE(): Leem 1t LA T'Eb:Bem

x:TEe:U I',I'sEe;en: T
Fl'ZGZBSBm 1"2|=61:T FQ':62:T (Z))Z N Flhelstem FQ’ZGQZNsem
I',I'sEifethene;elsees: T e Hsem I'',I's Ee; +es: Neem
I't Fe: Neem I'aoFEey: T rz:TEeg: T Tx:TEFe:U
I, ToFiterege (Azes) ET T'Elzge: T —oU
I‘ll:el:T—oU FQ':GQZT I‘llzel:T FQ':EQZU
Fl,ng:el(eQ):U Fl,th(el,eg):Tth

F1b€1:T1®T2 Fl,SUITl,yZTQ'ZQQIU

= chan() : Get(T) ® Put(T
0. Ts F let (1,y) = ey inea - U 0 & chan() : Get(T) & Put(T)

Fl = €1 . Get(T) FQ = €g T —o ]]-sem Fl E €1 . Put(T) FQ = €9 . T
', T E get(er, ea) : Lgem I'1, T3 E put(er, ez) : Leem

Figure 6: The compatibility lemmas

Moreover, the interpretations of Get(-) and Put(+) include one time-credit which is used (with the rule Tcwe-
BURN-CREDIT) to remove the later we obtain when opening the invariant.

We can now define the semantic typing relation. The only non-standard thing is that we existentially
quantifier over the number of time-credits initially available. Here, in the semantic interpretation, we use
as contexts I', I's finite maps from strings to semantic types SemType.

A .
G = M. >|< wTer ~(x) is defined * T'(v(x))
FEe:T2 3o $a = Vy. G () = E[T] (v(e))
Soundness We use the traditional approach to proving soundness of a logical relation. We show that in
each of the rules, we can replace the syntactic notion (F) with the semantic notion (F). Specifically, we

prove the lemmas presented in Figure 6.
We can us the logical relation and Theorem 7 to derive the termination result:

Lemma 7. Assume that we are working with a step-index type validating the small existential property. If
O Ee: T, then SN (—¢ ) [e];0 foranyo.

12.3 Adding Impredicative Polymorphism
To add polymorphism to the language, we embed the usual introduction and elimination primitives as
derived forms of the runtime term language:

Ae®X(e e() 2 ¢() unpack eas zine’ £ (A z.€/)e packe £ e
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A;THe: B A;TiFer:1 A;Tobey: A

ARz A A=) 1
. v A;lzx:AbFe: B 0 AT, TobFeen: A
AT Fe: B A;Tobe t A A:Tobey: A
A;THD:B - A;QFn:N
AT, o Fifetheneyelseey: A
A;Th1Fe N A;ToF ey : N AT Fe:N A;Tobey: A A;x:Abes: A
A;T,TokFe; +e: N ATy, Tobiterege (Azeg)H A
A;Tz:AFe: B A;TMFei:A—oB A;Tobey: A
A;THANze: A—oB A;Ty,ToFeg(es): B
A;Fl}—ele A;PQ'_GQZB A;F1|_€12A1®A2 A;Fl,(EZAl,yZAQFGQZB
A;Tq,To b (e1,e0) : AR B A;Ty,To b let (xz,y) ;=€ ines : B

A;T1 Fep: Get(A) A;TokFey: A—o1

A; (0 chan() : Get(A) @ Put(A) AT Ty - got(er.en) - 1

A;Tq Fep: Put(A) ATy ke : A Aa;T'Fe: A AFT ad A
A;T1,To F put(eg,es) : 1 A;THAe: TTa A
A;THe:TlaA A;TFe: A[B/a]
AT He(): A[B/a] A;T F packe: Ja.A

ATy Fe:TJaA Aa;Tg,x: Ak e : B A+ B AFT, add A
A;T1,Ty Funpackeasziney : B

Figure 7: Polymorphic linear type-system for Acpgan.

This brings us to the linear type system with polymorphism. We use types containing type variables «, we
use a linear typing context I' over these types, and now additionally a type variable context A. We define
the type well-formedness judgement:

T is closed under A Ve:Tel . A+T
A+T AT

The type system is then given in Figure 7.

Semantic Interpetation With impredicative polymorphism, our types can now depend on variables. We
reflect this in the semantic interpretation by additionally parameterizing the types over semantic types. That
is, we consider polymorphic semantic types PolySemType, predicates from finite maps of semantic types to

semantic types T, U : (id fin, SemType) — SemType. We lift the type formers of the monomorphic case to
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the polymorphic case:

Lsem, poly = A_Lem
Biem, poly = A_Biem
Neem, poly = A_Neem

T — U £ \6.T(5) — U(9)

T ® U £ \.T(§) @ U(¥)

Get(T) £ )\.Get(T(9))

Put(T) £ A\5.Put(T(4))

HaT 2 X5 A fYU. E[(T[U/a))(6)](£0)
Ja.T £ X\6.\w.3U. (T[U/a])(6)(v)
E[T]; £ Ne.seqtwp e {v. T(6(v))}

where we define T[U/a] £ X\6.T(5[a := U(6)])

Semantically, we use contexts I" : id fin, PolySemType. We define the semantic typing relation as:
A s .ig fin :
D[A] £ A6 : id — SemType. >l< weA d(«) is defined

GIT]; 2 Xy 3K () is defined « T(6)(7(x))
§=n0 2VY(x—T)ec A jx)=7)
AETEVY5,8.6 =a 0 = T(5) =T(§)
AFT2£V(z—T)eT.AET
AT Fe: T £ 3a. $a = V6,7. D[A](6) — G[T]5(v) - E[T]s(v(e))

Soundness We use the traditional approach to proving soundness of a logical relation. We show that
in each of the rules, we can replace the syntactic notion (=) with the semantic notion (F). Specifically,
we prove the lemmas presented in Figure 8. We can use the logical relation and Theorem 7 to derive the
termination result:

Lemma 8. Assume that we are working with a step-index type validating the small existential property. If
0;0 E e : T, then SN (= ) le]; o for any o.

88



A;TEe: U ATHEe: 1 A;ToFEey: T
z: TEz:T c A;QE(): 1 1A 2"

A;Tx:TFEe: U AT, Ty Fep;es: T

A;T1EFEe: B A;ToFEe : T A;ToFEey: T
A;TEDL:B 17 .2 a 27 A;0En:N
A;T, Ty Fifetheneyelseey : T

A;T1Fe N A;ToFes: N A;T1Fe:N A;ToFey: T A;x:TFesg: T
AT, ToFe; +e: N A;Ty, Ty Fiterege (Az.eg) ET
ATx:TEe: U AT Fe:T—-oU A;ToFEey: T
ATEAze: T —-U ATy, TaFe(er): U
A;F1|=61:T A;FQ':CQZU A;F1F€12T1®T2 A;I‘l,.’EIThyZTQ':eQZU
A;T, Ty F (e1,e9) : T®U A;Ty, Ty Elet (z,y) :=eriney : U

A;FlﬁelzGet(T) A;FQ':GQZT—O]].
A;T, Ty F get(eg,ez) : 1

A; 0 E chan() : Get(T) ® Put(T)

A;T Fep: Put(T) A;ToFey: T Ao;TFe: T AET ad A
A;T,Ts E put(eg,en) : 1 A;TE Ae:TIa.T
A;TEe:IlaT A;TEe:T[U/q]
AT Ee(): T[U/q] A;T Epacke: Ja.T

A:Ty Fe:3Ja.T AT,z : TEey: U AEFEU AET, adéd A
A;T1,Ts F unpackeasxines : U

Figure 8: Polymorphic compatibility lemmas.
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